LEGENDRIAN AMBIENT SURGERY AND LEGENDRIAN 
CONTACT HOMOLOGY 



GEORGIOS DIMITROGLOU RIZELL 

Abstract. Let L be a Legendrian submanifold of a contact manifold Y 
and let S C L be a framed sphere bounding a subcritical isotropic disk 
in Y \ L. We may perform an ambient surgery on L along S, obtaining 
a Legendrian submanifold Ls C Y which is Lagrangian cobordant to L. 
We produce an isomorphism of the Legendrian contact homology algebra 
of Ls with an algebra obtained from the algebra of L after twisting 
the differential by a count of holomorphic disks with boundary points 
mapping to S. This isomorphism induces a one-to-one correspondence 
between the augmentations for the algebras of L and Ls. 



1. Introduction 

A contact manifold is a (2n + l)-dimensional manifold Y together with a 
maximally non-integrable hyper-plane field £. For us, this hyper-plane field 
will be given by 

£ = ker(A), 

where A is a fixed global 1-form called the contact form, which consequently 
must satisfy the property that A A (d\) n is everywhere non-zero. 

The Reeb vector field on (Y, A) is the vector field R defined by the re- 
quirements 

L R d\ = 0, \{R) = 1. 

The definition of R clearly depends on the choice of A. 

We have to make some technical assumptions on Y in order for the results 
in [Ekh2] to hold. We refer to Section [2] for more details. In particular, the 
conditions are satisfied for the jet-space of a smooth manifold M. This is 
the contact manifold 

{J l (M) ~ T*M x R,dz + 9), 

where z is the coordinate on the M-factor and where is the Liouville form 
on T*M. 

An embedded submanifold L C Y is called isotropic if TL C £, which 
implies that dimL < n. In the case dimL = n we say that L is Legendrian, 
and in the case dimL < n we say that L is subcritical isotropic. A Reeb 
chord on L is an integral curve of R starting and ending on two different 
sheets of L. Unless stated otherwise, we will make the assumption that a 
Legendrian submanifold L C Y is closed. 
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Let (Y, A) be a contact manifold. The exact symplectic manifold 

(R x Y,d(e*A)), 

where t is a coordinate on the R- factor, is called the symplectization of (Y, A). 
By an exact Lagrangian cobordism from the Legendrian manifold Li C Y 
to L2 C Y", we mean an exact Lagrangian submanifold Y C R x Y (that is, 
e*A is exact when pulled back to V), which coincides with 

((-00, —N) x Li) U ((N, +00) x L 2 ) , AT » 

outside of a compact subset. 

For a Legendrian submanifold L CY, the trivial cylinder KxLcIx7 
is an exact Lagrangian cobordism from L to L. Observe that the relation of 
being exact Lagrangian cobordant is not a symmetric relation. 

Recall that a symplectic manifold (X,uj) has many compatible almost 
complex structures, that is, J G End(TAT) such that J 2 = —Id and J-) 
is a Riemannian metric. An almost complex structure J on R x Y is called 
cylindrical if it is compatible with d(e t X), translation invariant under the 
natural M-action on R x Y, leaves the contact planes invariant, and satisfies 
Jdt = R, where R G TY is the Reeb vector field with respect to A. 

Symplectic Field Theory, introduced in |EGH| by Eliashberg, Givental 
and Hofer, provides a framework for algebraic invariants, for contact mani- 
folds and Legendrian submanifolds (among others), which encode informa- 
tion about related spaces of pseudo-holomorphic curves. 

A Legendrian isotopy is a smooth 1-parameter family Lt of Legendrian 
embeddings. Legendrian Contact homology is a Legendrian isotopy invari- 
ant obtained from Symplectic Field Theory, which was defined in |EGH] by 
Eliashberg, Givental and Hofer, and in [Che] by Chekanov. 

In Section [2] we give an outline of the definition of Legendrian contact 
homology. Roughly speaking, it is constructed as follows. For a compact 
Legendrian submanifold L C Y and a cylindrical almost complex structure 
J on R x Y, one defines its contact homology algebra 

(A(L),d) 

which is a differential graded algebra (DGA for short). The algebra A(L) 
is unital, non-commutative, and freely generated by the Reeb chords on 
L. The differential counts rigid (up to translation) J-holomorphic disks 
in K x Y with boundary on R x L, one boundary puncture asymptotic to 
a Reeb chords on L at +00 and several boundary punctures asymptotic 
to Reeb chords on L at —00. The homotopy type of this DGA is invariant 
under Legendrian isotopy as well as the choice of a generic cylindrical almost 
complex structure. 

By a standard construction in Symplectic Field Theory, an exact La- 
grangian cobordism V from L\ to L2 induces a chain map 



d>: (A(L 2 ),d)^(A(L 1 ),d) 
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which is defined by counting rigid J-holomorphic disks in K x Y having 
boundary on V, one boundary puncture asymptotic to a Reeb chord on L2 
at +00, and several boundary punctures asymptotic to Reeb chords on L\ 
at —00. 

In Section [3] we describe the following construction. Let L C Y be a 
Legendrian submanifold and S C L a framed embedded /c-sphere, where 
k < n, such that S bounds an isotropic {k + l)-disk D C Y \ L. Let 
Ls be the smooth manifold obtained from L by surgery along S. Under 
some additional hypotheses on D which are discussed in Section [3l one 
can perform a Legendrian ambient surgery on L along S, resulting in a 
Legendrian embedding of Ls into an arbitrarily small neighborhood of LL)D. 
The Reeb chords on L5 will consist of Reeb chords coinciding with the Reeb 
chords on L, together with a new Reeb chord c new , of arbitrary small action, 
situated in the middle of the newly added handle. 

The construction moreover provides an exact Lagrangian cobordism V e C 
M x Y from L to L5. This cobordism is diffeomorphic to the manifold 
obtained by a (k + l)-handle attachment on (—00, — 1] x L along 

S c L = <9((-oo,-l] x L) 

with the prescribed framing. Observe that the symplectization coordinate 
restricted to V e has a unique critical point of index k + 1. 
Let 

d>: (A(L s ),d)^(A(L),d) 

be the morphism of DGAs induced by V e . Fist, observe that the disk-counts 
in the proofs of Theorem 11.41 and Proposition 17.31 give the following result. 

Proposition 1.1. There is a cylindrical almost complex structure onMxY 
for which $ is a surjection having kernel (c new ) in the case k < n — 1, and 
{cnew — 1) in the case k = n — 1. 

The goal of this paper is to compute the DGA (A(Ls),d) in terms of data 
on L, as well as the morphism $ in terms of this identification. 

In the following, we make the additional assumption that k < n — 1. In 
Section UJ given fc-sphere S C L with framed normal bundle N, we define 
the DGA 

(A(L,S),d s , N ), 

which is supposed to model the DGA of Ls obtained by Legendrian ambient 
surgery on L along S, in the case when it can be performed. 

The algebra A(L, S) is unital, non-commutative and freely generated over 
Z2 by the Reeb chords on L together with a formal generator s in degree 
n — k — 1. The formal generator should be thought of as corresponding to 
the Reeb chord c new appearing after a Legendrian ambient surgery along S. 

The differential, which depends on the choice of framing for N, can 
roughly be described as follows. We fix a non- vanishing normal vector- 
field v to S which is homotopic to a constant vector-field with respect to 
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the chosen framing. We set ds,N(s) = 0- For a Reeb chord generator a we 
define <9s,jv(a) to have coefficient in front of the word 

S OlS ■ . . . ■ S O m+ lS 

given by the number of points, counted modulo 2, of the union of all 0- 
dimensional spaces M. a ;b,w,A(L, S, v)/R for different A G H\(L) and w G 
(Z>o) m+1 . The moduli space M. a ;b,w,A{L, S,v)/M., defined in Section [3 
consists of the J-holomorphic disks in the symplectization RxF, defined 
up to translation, having: 

• boundary mapping to R x L in homology class A G H\(L), 

• one boundary puncture po asymptotic to the Reeb chord a at +oo, 

• m ordered boundary punctures p\ , . . . , p m (where the order is deter- 
mined by the orientation of dD \ {po}), which are asymptotic to the 
Reeb chords bi,...,b m , respectively, at — oo, and 

• Wi points on the boundary arc between the punctures pi and Pi + \ 
mapping toRxS (where we set p m +i '■= Po)- We count each point 
with multiplicity 1+ 1, where I is the order of tangency of the bound- 
ary to exp Rx5 .(Rv) in case when the tangent of the boundary has a 
positive component in the v-direction, and where otherwise I = 0. 

Theorem 1.2. Let S C L be a k- dimensional sphere with trivial normal 
bundle, such that k < n — 1. There are cylindrical almost complex structures 
on R x Y for which 

(A(L,S),ds, N ) 
is a well-defined DGA. Moreover, 

(A(L),d)~(A(L,S)/(s),d s , N ). 

When counting disks with multiple boundary-point constraints on R x S, 
the remark below shows that we also need to consider pseudo-holomorphic 
disks with higher order jet-constraints at the boundary. We set up the rel- 
evant moduli spaces in Section Since we are dealing with jet-constraints 
of pseudo-holomorphic disks, we will use almost complex structures which 
are integrable in a neighborhood of R x S to be able to locally model stan- 
dard solutions. An alternative approach for dealing with jet-constraints on 
boundary points is conducted in [Zeh| . 

We also relate the moduli spaces of disks with jet-constraints on R x S to 
the moduli spaces defined in Section[9j which consist of disks with boundary- 
point constraints on the parallel copies exp Rx>s (i<5v) of R x S, where i G N 
and 5 > 0, and where exp denotes the exponential map on R x L for some 
choice of metric. These spaces are in general easier to define, especially when 
the expected dimension is positive. 

Remark 1.3. Consider a count of rigid solutions of J-holomorphic disks with 
the constraint that d geometric boundary points map to R x S. One can 
consider the following perturbation of the problem. For each 5 > 0, we 
require that d points map to the d parallel copies R x Si := exp Kx 5(i5v), 
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i = l,...,d, where v is a normal vector-field to S and exp denotes the 
exponential map onlxi for some choice of metric, such that the i:th 
boundary point is mapped to R X Si. 

For small enough 5 > 0, this perturbation of the problem should have the 
same number of solutions as the original one. However, when we recover the 
original problem by letting 5 — > 0, there may be a sequence of solutions for 
which Z + 1 > 1 consecutive boundary points mapping to R x Si, . . . , R x Si + i 
converge to a single boundary point in the limit. Consequently, the solution 
in the limit has a tangency to exp Kx s(Rv) of order at least I > at this 
boundary point, but has less than d geometric boundary points mapping to 
R x S. From this example we conclude that we have to keep track of the 
order of tangency to exp KXiS (Mv) in the original problem. 

In Section [5j we show the following connection between the above DGA 
and (A(L s ),d). 

Theorem 1.4. Suppose that k < n— 1 and that L$ is obtained from L by a 
Legendrian ambient surgery along S. Furthermore, suppose that L and Lg 
have finitely many generic Reeb chords. For some cylindrical almost complex 
structure J onM xY there is a tame isomorphism of DGAs 

(A(L s ),d) -)> (A(L,S),d s , N ), 

such that the DGA morphism 

d>: (A(L s ),d)^(A(L),d) 

induced by the exact Lagrangian cobordism V € corresponds to the natural 
quotient projection 

^r 1 : (A(L,S),d s>N ) -> (A(L,S)/(s),d s , N ) * (A(L),d). 

The main part of the proof is the construction of the map ^. It is defined 
by counting rigid pseudo-holomorphic disks in R x Y having boundary on 
V e and boundary points evaluating to parallel copies of the core disk S C V e 
of the handle attachment V e , where S coincides with (— oo, — 1) x S outside 
of a compact set (see Section 15. ip . 

Finally, we have the following consequence of the above theorem. Let 
H G H 1 ^; Z) be the Maslov class of V e . 

Corollary 1.5. Under the assumptions of the above theorem, if moreover 

(n-k-l) i n(Hi(V e )), 

then there is a bijection between the sets of augmentations of (A(L),d) and 
(A(L s ),d). 

Remark 1.6. In the case Y = J X (M) and fi(V e ) = 0, under the above as- 
sumption it follows that any generating family defined on either L or can 
be extended over the cobordism V e . In a forthcoming work by Bourgeois, 
Sabloff and Traynor, formulas are proven which relate the generating fam- 
ily homologies before and after an ambient Legendrian surgery. Generating 
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family homology is a Legendrian isotopy invariant, introduced in [PC] and 
[FR] . In [FR] it is proven that generating family homology coincides with 
linearized Legendrian contact homology in the case Y = J 1 (M). In higher 
dimensions, however, not much is known. 

There are analogous results in the case when there are infinitely many 
Reeb chords on L and L$- However, in this case one has to perform a direct 
limit construction. We refer to Section [6] for the results. 

Remark 1.7. A particular case of Theorem 11.41 allows us to compute the Leg- 
endrian contact homology of the cusp connected sum L\j^L2 C J l (M n ) of 
two Legendrian submanifolds L\,L,2 C J 1 (M n ) when n > 2. This operation 
was described in [EES2, Section 4.2] and is the special case of a Legendrian 
ambient 0-surgery on L\ U L2. The computation of the Legendrian contact 
homology of L\j^L2 also follows from the results in [HSJ. 

Remark 1.8. The results in this paper can be seen as the first small steps for 
obtaining a relative version of the results in [BEEJ , which explains the rela- 
tion between the Linearized contact homologies of the ends of a Weinstein 
cobordism, computed by considering pseudo-holomorphic curves determined 
by a decomposition of the cobordism into standard handles. Linearized con- 
tact homology is an invariant of a contact manifold obtained from Symplectic 
Field Theory (see [EGH]). Similarly, in the relative case, one would like to 
understand the relations of the Legendrian contact homologies of the ends of 
a general exact Lagrangian cobordism inside a general Weinstein cobordism 
in terms of the handle decompositions. However, observe that it is not even 
clear that a general exact Lagrangian cobordism can be decomposed into a 
sequence of standard handle-attachments (that is, handles corresponding to 
Legendrian ambient surgeries). 

We end with some remarks regarding the case k = n — 1, which is fun- 
damentally different from the above cases. We obtain some partial results 
in Proposition 17.31 For the case of an ambient 0-surgery on a Legendrian 
1-knot inside J 1 (M), we refer to [EHK, Lemma 3.15], which gives a compu- 
tation of the Legendrian contact homology before the surgery in terms of 
data on the knot after the surgery. 

Acknowledgements. I would like to thank Tobias Ekholm, my Ph. D. advisor, 
who suggested me the problem and was very helpful during the writing of 
this article. I would also like to thank Frederic Bourgeois for pointing out 
mistakes and providing valuable comments. 

2. Background 

Legendrian contact homology, which was developed in jEGHj by Eliash- 
berg, Givental and Hofer, and in |Che] by Chekanov, is a theory that as- 
sociates a differential graded algebra, or DGA for short, to a Legendrian 
submanifold of a contact manifold. The homotopy type of this DGA is 
invariant under Legendrian isotopy. 
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The technical details for this theory have not been worked out in all situ- 
ations, but both the construction and the invariance have been worked out 
in J 1 (M 1 ) by Chekanov in [Che| . and in arbitrary contact manifolds on the 
form (P xM,dz-\-8), where (P, d0) is an exact symplectic manifold satisfying 
a convexity assumption, by Ekholm, Etnyre and Sullivan in [EES3]. The 
invariance for closed contact manifolds (Y, A) having the property that all 
periodic Reeb orbits of (Y, A) are non-degenerate and have Conley-Zehnder 
index at least 2 follows from the results in [Ekh2] . 

From now on we will make the assumption that either (Y, A) is closed and 
satisfies the conditions above, or on the form (P x M, dz + 9) where P is 
convex at infinity. For instance, the standard contact form on J l (M) for a 
smooth manifold M, where M is either closed or equal to M n , is of the latter 
kind. 

For a closed Legendrian submanifold L C Y we let Q{L) denote the set 
of Reeb-chords on L. Throughout this paper we will assume that L is chord 
generic, that is, the Reeb flow takes the tangent plane of L at the starting 
point of a Reeb chord to a plane transverse to the tangent plane of L at the 
end point of the Reeb chord. We define the action of a Reeb chord c to be 

1(c) := f\. 

Chord genericity implies that below any given action the set of Reeb-chords 
on L is a compact, and hence finite, set. 

2.1. The algebra and the grading. We now define the underlying algebra 
of the DGA associated to L. We let 

A(L) = Z 2 (Q(L)) 

be the unital non-commutative algebra over Z2 which is freely generated by 
the Reeb chords Q(L) on L. We fix a capping path *y c for for each Reeb chord 
c on L, by which we mean a path on L which starts at the end-point of c, 
and ends at the starting-point of c. We grade each Reeb-chord generator c 
by 

l c l = K7c) - 1, 

where y(^fc) denotes the Conley-Zehnder index (see [EESlJ for a definition). 

In the case when Y = J 1 (M), the following description of the Conley- 
Zehnder index in terms of the front projection is given in |EES2| . Let f s 
and / e be real-valued functions defined on an open set of M such that the 
the z-coordinates of the sheets of L at the starting-point and end-point of 
the Reeb chord c is given by f s and f e , respectively. Let p £ M be the 
projection to M of the Reeb chord c. The Conley-Zehnder index can be 
expressed as 

(2.1) K7c) = D{ lc ) - U( lc ) + index p (/ e - /,), 

where -D(7 C ) and U(^ c ) denote the number of cusp-edges in the front pro- 
jection traversed by (a generic perturbation of) 7 C in downward and upward 
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direction, respectively, and where index p (/ e — f s ) denotes the Morse index 
at p. 

The Maslov class will be denoted by \i G Again, we refer to 

[EESlj for a definition. In the case of Y = J X (M) it may be computed by 
the formula 

(2.2) f j,([ 1 ])=D( 1 )-U( 1 ), 

where 7 is a generic closed curve, and D and U are as above. When 
the Maslov class is non-zero, the grading has to be taken in the group 



2.2. The moduli spaces and compactness. The differential is defined 
by counting certain pseudo-holomorphic disks in M x Y. Here we give a 
general description of the moduli spaces which we will make us of in this 
section. These moduli spaces are special cases of the moduli spaces defined 
in Section [8] with more care. 

Let V C M. x Y be an exact Lagrangian cobordism from the Legendrian 
submanifold L\ to L<i- Fix a cylindrical almost complex structure J on 
1x7. Let a be a Reeb chord on Li-, b = 61 • . . . • b m a word of Reeb chords 
on Li, A £ H\{V) be a homology class, and D = D\{pq, . . . ,p m } be the unit 
disk with m + 1 boundary points removed. We require that p% < . . . < p m in 
the order on D \ {po} induced by the orientation. By M- a \b;A{V) we denote 
the moduli space of disks u: D->Ix7 which are J-holomorphic in the 
sense that 

du + Jdu o i = 

for some conformal structure (D,i), and such that u satisfies the following 
conditions. 

• The boundary of u is on V and becomes a cycle in homology class 
A £ H\(V) when closed up with appropriately oriented capping 
paths. 

• At the puncture po, u is is asymptotic to the Reeb chord a at +00. 

• At the puncture pi, where i > 0, u is asymptotic to the Reeb chord 
hi at —00. 

In general, we call punctures at which the disk is asymptotic to +00 positive, 
and punctures at which the disk is asymptotic to —00 negative. 

Observe that, since 1x7 satisfies a convexity condition, there are no 
non-constant pseudo-holomorphic disks with boundary on V contained in a 
compact set. 

Suppose that V is cylindrical outside of the set [iV_,Af + ] x Y. For any 
smooth disk D with the asymptotical behavior as above, we define its dX- 
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and X- energy, respectively, as follows 

E dX {D):= f dX, 
Jd 

E X (D) := sup / p(t)dtAX+ sup / p(t)dt A A. 

p: (-oo,JV_]^M> j£j p. [iV + , + <xj)-).H> J £) 

/(-oo,JV_] P(*)dt=l I[N + , + oo) P(t)dt=l 

The A-energy of a pseudo-holomorphic disk is always positive. The dX- 
energy of a pseudo-holomorphic disk is always non-negative, and is positive 
unless the disk is R- invariant, that is, contained in a strip R x a over some 
Reeb chord a. In the case when V = R x L, we have the formula 

E dX =£(a)-£(h)-...-£(b m ). 



We define the total energy of a disk D by 

E(D) := E dX (D) + E X (D) + I dt A X. 

JDn([N-,N + ]xY) 

There is a version of Gromov's compactness theorem (see |Gro] ) which 
applies to the setting of Symplectic Field Theory. It was introduced by 
Hofer and is valid for pseudo-holomorphic curves in symplectic manifolds 
with non-compact cylindrical ends. In particular, the results are valid in 
symplectizations with cylindrical almost complex structures. 

The results in jBEH + j imply that a sequence of pseudo-holomorphic disks 
in moduli spaces as above, satisfying a bound on their total energy, has a 
subsequence converging (in a certain sense) to a limit which is a holomorphic 
building. We refer to [BEH + | for the exact statements and definitions. How- 
ever, in our situation, a holomorphic building consists of a finite collection 
of holomorphic curves in R x Y, where each curve has an associated level 
i 6 Z, such that 

• The curves at two consecutive levels have matching positive and 
negative asymptotics. 

• The disks at level have boundary on V . 

• The disks at negative levels have boundary on L\. 

• The disks on positive levels have boundary on L2. 

One says that a layer is trivial if it consists of only R-invariant solutions. A 
holomorphic building is allowed to consist of at most one trivial layer. 

One says that an almost complex structure is regular if the above moduli 
spaces are transversely cut out. In this case, they are smooth manifolds 
satisfying 

d\m.M a . h - A {V) = \ a \-\bi\- \b m \ + fi(A). 

Observe that, in the case when the almost complex structure is cylindrical, 
-Ma;b;A(R x L) has a natural R-action induced by the translation of the 
symplectization coordinate. Hence, in the case when the almost complex 
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structure is regular, disks in such a 0-dimensional moduli spaces must be 
M-invariant, and hence consist of trivial strips M x a over Reeb chords. 

Finally, it can be shown that the dimension formula is additive, that is, 
that the dimension of the disk converging to a holomorphic building is equal 
to the sum of the dimensions of the disks in the building. 

2.3. The differential. For a Reeb-chord generator a G Q(L), we define 

3(a) := |A1a;b;A(KxL)/K|&l-...-&m, 

dimA^ a;b;A (RxL)=l 

where we assume that we have chosen a cylindrical almost complex structure 
J on M x Y for which all moduli spaces in the definition are transversely cut 
out, and hence of the expected dimensions. 

That this count is well-defined follows from the compactness theorem 
for the moduli spaces, since the disks in the above moduli spaces are of 
bounded total energy for any fixed a, together with the fact that there only 
are finitely many terms in the sum, which follows from the non-negativity 
of the ciA-action, since there only are finitely many Reeb chords below any 
given action. We extend the differential to all of A(L) via the Leibniz rule 

d(ab) = d{a)b + ad{b). 

The dimension-formula above shows that 3 has degree —1. 

The following standard argument shows that d 2 = 0. Consider the bound- 
ary dM a ;h;A(^ x L)/R of the compactification of a 1-dimensional moduli 
space M. a ;b;A{^ x L)/R. By the additivity of dimensions, the boundary 
consist of buildings of two levels, where each level contains exactly one non- 
trivial solution coming from a moduli space occurring in the definition of 3, 
and hence each boundary component contributes to the coefficient in front 
of b in the expression 3 2 (a). Conversely, a gluing argument shows that 
each coefficient of a word contributing to d 2 (a) corresponds to a count of 
boundary points of such a 1-dimensional moduli space. Consequently, these 
coefficients are even, and thus vanishing. 

Remark 2.1. The condition on A that all periodic Reeb orbits are non- 
degenerate and have Conley-Zehnder index at least two is needed for the 
following reason. It implies that every pseudo-holomorphic plane asymptotic 
to a Reeb orbit in R x Y is of formal dimension 2. When the moduli spaces of 
pseudo-holomorphic punctured disks are transversely cut-out, 1-dimensional 
families of such disks cannot split into a building containing a plane, since 
such a building would have to contain a disk of negative dimension by the 
additivity of the (formal) dimensions. 

One defines the Legendrian contact homology of L to be the homology 



HC.(L) := H,(A(L), 3). 



LEGENDRIAN AMBIENT SURGERY AND LEGENDRIAN CONTACT HOMOLOGY 11 



2.4. The invariance. The following theorem implies that the Legendrian 
contact homology is invariant under Legendrian isotopy. 

Theorem 2.2 ([EES3J, [Ekh2]). Let L C Y be a Legendrian submanifold. 
There is a regular cylindrical almost complex structure onMxY making the 
appropriate moduli spaces transversely cut out. The homotopy type of its 
associated DGA 

(A(L),d) 

is preserved under Legendrian isotopy and is independent of the choice of 
a generic cylindrical almost complex structure. In particular, HC 9 (L) is 
invariant under Legendrian isotopy. 

Remark 2.3. This statement follows from the more general Theorem 1.2 in 
|Ekh2j . Also, see Remark 3.9 in in [Ekh2| . 

The invariance proof in |Ekh2j is proved as follows. Given a Legendrian 
isotopy from L to L f , one can construct an exact Lagrangian cobordism V± 
from L to L' , and one exact Lagrangian cobordism V2 from V to L, such 
that the concatenation of V\ with V 2 is Hamiltonian isotopic to the trivial 
cylinder over L, and the concatenation of V 2 with V\ is Hamiltonian isotopic 
to the trivial cylinder over L'. The invariance then follows from the results 
below concerning exact Lagrangian cobordisms. 

2.5. Exact Lagrangian cobordisms and chain maps. Let V be an exact 
Lagrangian cobordism from L\ to Li- A standard construction in Symplectic 
Field Theory gives an induced DGA-morphism 

$: (A(L 2 ),d 2 )^(A(L 1 ),d 1 ), 

which we now describe. 

Let M. a ;b;A{Y) be the moduli space of punctured pseudo-holomorphic 
disks in K x Y having boundary on V in homology class A £ H\(V), a 
positive puncture asymptotic to the Reeb chord a on L 2 , negative punctures 
asymptotic to the Reeb chords b%, . . . , b m on Li, where b = 61 • . . . ■ b m . The 
map $ is defined on the Reeb chord-generator a of A(L 2 ) by the formula 

*(o)= \M a fr A (V)\b X -...-b m , 

dimX a;b;A (V)=0 

and then extended to an algebra map. 

Again, the total energy is bounded for the curves in A4 a ;h;A(V), and the 
expression is well-defined by the above compactness theorem. 

The fact that $ is a chain-map follows by considering the boundary 
dM a -,h;A(y) of the compactification of a 1-dimensional moduli space. It 
consist of holomorphic buildings of two levels, one which contains rigid so- 
lutions with boundary on V, and one which contains exactly one non-trivial 
1-dimensional solution with boundary on either KxLi or M. x L 2 , and hence 
each boundary component contributes to the coefficient in front of b in the 
expression d\ o 3>(a) + $ o d 2 (a). Conversely, a gluing argument shows that 
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each coefficient of a word in the expression d\ o <3?(a) + o d 2 (a) corresponds 
to a count of boundary points of such 1-dimensional moduli spaces. Hence, 
this expression vanishes and the chain-map property follows. 

Theorem 2.4 ([Ekh2j). Let V CY be an exact Lagrangian cobordism from 
the Legendrian submanifold L\ to L 2 . There is a regular cylindrical almost 
complex structure onMxY making the the appropriate moduli spaces trans- 
versely cut-out. The induced map 



is a DGA morphism whose homotopy- class is independent of the choice of a 
regular cylindrical almost complex structure and the (compactly supported) 
Hamiltonian isotopy class ofV. 

Remark 2.5. This follow from the more general statement |Ekh21 Lemma 
3.15] together with the arguments in [Ekh2| Section 4]. 

The invariance under Hamiltonian isotopy of V and choice of cylindrical 
almost complex structure contains one substantial difficulty. Here one has to 
take into account pseudo-holomorphic disks of formal dimension —1, which 
arise in generic 1-parameter families of moduli spaces. We refer to [Ekh2} 
Section 4] for a treatment of this. 

2.6. Augmentations. An augmentation is a unital DGA-map 



where Z2 is considered as a unital DGA with trivial differential. Augmen- 
tations obviously pull back by chain maps. It follows that if L\ is exact La- 
grangian cobordant to L 2 , the existence of an augmentation for (A(Li),di) 
implies the existence of an augmentation for (A(L 2 ), 9 2 )- 

The existence of an augmentation implies that one can define a linearized 
version of Legendrian contact homology. We refer to jChe] for a treatment 
of this. 

2.7. Tame isomorphisms. Let A = Z2 (aj)j G j and A' = TL 2 {a!^i^i be free 
unital algebras over Z2. An isomorphism 



of DGAs is tame if, after some identification of the generators of A and A', 
it can be written as a composition of elementary automorphisms, i.e. auto- 
morphisms defined on the generators of A by 



for some fixed j, where w is an element of the unital subalgebra generated 
by {af, i^j}- 



(A(L 2 ),d 2 )^(A(L 1 ),d 1 ) 



<p: (A(L),d)^Z 2 



<p: A -> A' 
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3. The definition of a Legendrian ambient surgery 

We define the notion of Legendrian ambient surgery data for a Legendrian 
submanifold L C Y. This data determines a Legendrian isotopy class of a 
Legendrian submanifold L,s C Y, where Ls is obtained by surgery on L 
along the framed sphere S C L. The construction will be called a Legen- 
drian ambient surgery on L. Moreover, the construction provides an exact 
Lagrangian handle-attachment cobordism from L to Ls- 

3.1. Legendrian ambient surgery data. Let (Y, X) be a contact mani- 
fold of dimension 2n + 1 with contact distribution £ := ker A and L C Y 
a Legendrian submanifold, which hence satisfies dimL = n. In the follow- 
ing, for a linear subspace A C £, we let ^4 dA C £ denote the symplectic 
complement of A with respect to dX, i.e. the subspace consisting of vectors 
d£( satisfying dX(A, v) = 0. The following data, referred to as Legendrian 
ambient surgery data, is needed to specify a Legendrian embedding into Y 
of the manifold obtained by surgery on L. 

(a) The framed attaching sphere S. An embedded /c-sphere, where k < 
n, together with a choice of framing of its normal bundle N C TL\s- 

(b) The bounding disk D$ of S. An embedded isotropic (A; + l)-disk 
Ds C Y with boundary dD$ = S, interior disjoint from L, and 
an outward normal field G nowhere tangent to L which satisfies the 
following conditions. Let H be the vector-field in N defined uniquely 
up to homotopy by the requirement that d\(G, H) > 0. We require 
that H is homotopic to a constant vector-field relative the above 
framing. 

(c) A compatible Lagrangian framing of the symplectic normal bundle 
N' of Ds- From condition (b) it follows that the hyperplane field 

T(D s ) dX \ S r\N C N 

along S has a natural framing induced by N, and defined uniquely 
up to homotopy. Let N' — > Ds denote the symplectic normal bundle 
of D S - Observe that C <g> (T(D s ) dX \s n N) is isomorphic to N'\ s and 
hence we get an induced Lagrangian framing on N'\s- We require 
that this Lagrangian framing extends to all of N', and we choose 
one such extension. 

Remark 3.1. In the case when k = condition (b) reduces to the requirement 
that the outward normal of Ds is not tangent to L. Moreover, any framing 
of N'\s in (c) extends to all of N' and, moreover, the choice of this extension 
lives in iriU(n — 1) ~ Z. 

3.2. Topological conditions for the existence of Legendrian ambient 
surgery data in the subcritical case. The existence of a bounding disk 
and a compatible trivialization of the symplectic normal bundle, given a 
framed attaching sphere, can be described in the following topological terms 
in the case when k < n — 1, that is, in the subcritical case. 
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Suppose that we have a smoothly embedded disk F : D k+1 — > Y with 
boundary coinciding with S and interior disjoint from L, such that the disk 
has an outward normal field G tangent to £ and satisfying condition (b) 
above. To that end, we require 

TS + RG C £ 

to be an isotropic plane-field. We will still denote the disk by D$, even 
though it is not necessarily isotropic in the interior. 
Consider the Lagrangian framing of 

C ® (TS (B RG (B (T(D s ) dX \s n N)) ~ £| s 

along S 1 , where the summand TS © is given the framing induced by 
T(Ds), and where the last summand has the framing induced by N. We 
suppose that this Lagrangian framing of £\s can be extended to all of £|u s , 
and we choose one such extension. 

The contact distribution £ has a trivialization along D$, and hence the 
obstruction to extending the above framing lives in irkU (n), while the choice 
of the homotopy-class of the extension lives in iTk+iU(n). 

Since dimD^ = k+1 < n—1 by assumption, the h-principle for subcritical 
isotropic embeddings implies that D$ is isotopic relative its boundary to an 
embedded isotropic disk with tangent space homotopic to the sub-bundle of 
C\d s spanned by the the first k + 1 sections of the above framing. See [EM 
for more details. The latter n — k — 1 sections of the above framing induces 
a Lagrangian framing of the symplectic normal bundle of the bounding disk 
required by (c). 

Remark 3.2. The above h-principle also implies that, in the case k < n — 1, 
for topologically equivalent ambient surgery data there is an isotopy in Y \L 
between the corresponding isotropic bounding disks, which moreover is an 
isotopy through isotropic disks, and which induces the given homotopy of 
the Legendrian ambient surgery data. However, there is no such h-principle 
when k = n — 1 since D$ is Legendrian in that case. 

3.3. The standard model for an exact Lagrangian handle attach- 
ment. Recall that the jet space ( J 1 (M), dz + 6) has the natural projections 

n F : J X (M) -»• M x R, 
II L : J X (M) T*M, 

called the front projection and the Lagrangian projection, respectively. A 
Legendrian submanifold of J 1 (M) is determined (up to a translation in the 
the Reeb-direction) by its image under either one of these projections. 

The image of a Legendrian submanifold L C J x (Af) under 11^ is an 
exact immersed Lagrangian submanifold of the exact symplectic manifold 
(T*M,d9). Reeb chords on L correspond to self-intersections of 11^. In the 
front projection, Reeb chords correspond to two sheets of Uf(L) having a 
common tangency above a given point in the base M. 



LEGENDRIAN AMBIENT SURGERY AND LEGENDRIAN CONTACT HOMOLOGY 15 

We will use the above projections to construct a Legendrian standard 
model Lq^ C J 1 (1R' 1 ) of a neighborhood of a framed fc-sphere So,fc C Lo,fc 5 
and a Legendrian submanifold L ei fc C J 1 (M ri ) which is obtained from Lq^ 
by surgery along So,fc- We also construct an exact Lagrangian cobordism 
W e C R x J 1 (M™) from Lq^ to L €) £ which is diffeomorphic to the manifold 
obtained by a (k + l)-handle attachment on (—00, — 1] x Lq^ along 

S ,k C L 0ife = <9((-oo, -1] x L 0jfc ). 

Let t be the coordinate of the R-factor in the symplectization R x J 1 (R n ), 
and let (q, p, z) be canonical coordinates on ( J 1 (R n ), cfe — Yli=i PidQi) • Mak- 
ing the coordinate change 

t = logx n+ i, 
< z = y n+1 , 

Pi = Vi/Xn+l, 

qi = Xi, 

we identify the symplectization (R x J 1 (R"),(i (e* (dz - Y^7=i PidQi))) with 
the exact symplectic manifold 

(T*(R n x R),d(- yi d Xl - . . . - y n dx n + x n+1 dy n+1 )) 

endowed with the coordinates 

(x,y) = (x 1 ,...,x n+1 ,y 1 ,...,y n+1 ), 

where x form standard coordinates on the base R™ and y form coordinates 
induced by the coframe {dxi}. The above identification is an exact symplec- 
tomorphism. 

An exact Lagrangian submanifold of R x J 1 (R n ) can thus be identified 
with an exact Lagrangian submanifold of T*(R n x R) with respect to the 
above primitive of the symplectic form. Observe that such an exact La- 
grangian submanifold is also exact with respect to the Liouville form on 
T*(R n x R) and, hence, it admits a Legendrian lift to J x (R n x R). 

In conclusion, an exact Lagrangian submanifold of R x J 1 (R ra ) can be 
represented by a front over the base of T*(R™ x R) via the identification 

Vi = d Xi f(x), 

using the above coordinates, where the graph of /(x) determines a sheet of 
the front projection of its Legendrian lift. A primitive of the pull-back of 
the form 

-y\dx x - ... - y n dx n + x n+1 dy n+ i 
to the exact Lagrangian submanifold is given by 

-/(x) + x n+1 y n+1 + C. 

Under the above identification, the property of being cylindrical over a 
Legendrian submanifold in J 1 (R n ) for a Lagrangian submanifold of T*R n+1 ~ 
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R x J 1 (M ri ), is equivalent to the sheets of the front projection of its Legen- 
drian lift being given by functions on the form 

/(x) = g(x 1 , . . . ,x n )x n+ i 

above a region in the base of T*(R n x R). 

3.3.1. The model for an exact Lagrangian handle attachment W e . We now 
define the cobordism W e . Fix a real number n > 0. For e > 0, let 

p t : R>„-> [0,1] 

be a smooth non-increasing function satisfying the following. 

• P e(0) = 1. 

• p e (x 2 ) = when x 2 > n + (2/3)e. 

• (x 2 + p e (x 2 ) (n + e/2)) > for all x € R. 
Furthermore, let 

be a smooth non-decreasing function satisfying the following. 

• < o' e {x) < (7 1 + e)e- 1 / 3 . 

• a € (x) = for x < 1 — e 1 / 3 . 

• cr e (x) = rj + e/2 for x > 1 + e 1 / 3 . 

• a e (l) = V, ^(1)>0. 
Finally, we define 

¥> e : M n+1 -»• R 

by 

(p e (x) = p e (x\ + . . . + x 2 k+l ) o~ e (x n+1 ) . 

We now consider the front over R n+1 corresponding to the graphs of the two 
functions ±F (E (x)x ra+ i, where 

F e (x) := {{x\ + ... + x 2 k+1 ) - (x 2 k+2 + . . . + x 2 n ) + tp e (x) - t?) 3/2 , 
above the set 

f {x 2 + ...+X 2 + l )-{x 2 +2 + ... + X 2 n )+< Pe (x)>7 ] , 1 

\ x n+1 > J ' 

and denote the corresponding Lagrangian submanifold in T*M n+1 by W e . 

Observe that W e can be identified with an exact Lagrangian submanifold 
of R X J 1 (R n ) which is cylindrical over a Legendrian submanifold above the 
complement of 

and that the primitive of the pull-back of the form 

-y\dx 1 - ... - y n dx n + x n+1 dy n+ i 
may be taken to be zero there. 
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We also consider the exact Lagrangian submanifold Wq denned by the 
graphs of 

±((xf + ... + x\ +l ) - (x| + 2 + ■■■ + x 2 n )- rj) 3/2 x n+1 
above the set 

(xj + . . . + x 2 k+1 ) - (x 2 k+2 + ... + xl)>ri, 
x n+ i > 

Obviously, Wo is cylindrical over a Legendrian submanifold, and the primi- 
tive of the pull-back of the form 

-yidxi - ... - y n dx n + x n+ idy n+ i 

may be taken to vanish. 
By 



and 



U k c j\R n ) 



we denote the Legendrian submanifolds over which W e is cylindrical at its 
negative and positive end, respectively. Clearly, Wo is a cylinder over Lo,fc- 
Observe that L e ^ is diffeomorphic to the manifold obtained by performing 
surgery on Lq,A; along the framed /c-sphere 



So,k 
with framing 



q\ + . . . + q 2 k+1 = 77, 

Qk+2 = ... = q n =Pi = ---=Pn = z = 



No, k ■= {qid pi + . . . + q k+1 d Pk+1 ,d qk+2 , . . . ,d qn ). 

The cobordism W e is diffeomorphic to the manifold obtained by a handle- 
attachment on (—oo, —1] x Lo t k along 

So,k C L ,fc = <9((-oo, -1] x L ,fc). 

By applying Formula 12. 2\ one sees that the Maslov class vanishes for W e , 
and hence for both Lq^ and L e 

3.3.2. The model for the Legendrian ambient surgery data. The Legendrian 
submanifold Lq^ supports the Legendrian ambient surgery data consisting 
of the framed sphere So k defined above, the isotropic bounding disk 



D, 



O.A- 



q\ + • • • + ql+i < V, 



qk+2 = ... = q n =Pl = ---=Pn = z = 
and the compatible Lagrangian framing 

of the symplectic normal bundle 

K,k :=C(d qk+2 ,...,d qn ) 

of D Q h- 
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3.3.3. The Reeb chords on Lq and L e ^. Note that Lo,fc has no Reeb-chords, 
and that L e ^ has exactly one Reeb chord c new above q = 0. One computes 

•^(Cneto) = 6 ^ /'\/2. 

Furthermore, this Reeb chord satisfies 

I Cnew I — ^ ^ 1 5 

which can be seen by applying Formula 12.11 To that end, we observe that the 
difference- functions of the two sheets of the front has Morse index n — (k + 1) 
at the origin, and that the obvious capping path of c new traverses exactly 
one cusp-edge in downward direction. 

3.4. The exact Lagrangian handle attachment induced by the Leg- 
endrian ambient surgery data. Suppose that we are given Legendrian 
ambient surgery data for the Legendrian submanifold L C Y consisting of 
a /c-sphere S C L with framed normal bundle N and an isotropic bounding 
(k + l)-disk Ds C Y with a compatible Lagrangian framing of its symplectic 
normal bundle N' . 

We now construct an exact Lagrangian cobordism V e C M x Y from L to 
Ls such that V e is diffeomorphic to a (k + l)-handle attachment and L$ is 
obtained from L by fc-surgery along S with the above framing on N. 

3.4.1. A standard neighborhood of the isotropic bounding disk. Given the 
above data, we want to find coordinates in a neighborhood of Ds identifying 
it with a neighborhood of the disk Dq ^ defined in Section 13.31 such that L 
is identified with Lq fe and, moreover, L e ^ and Lq^ coincide outside an even 
smaller neighborhood, for e > small enough. 

Let H be a choice (which is unique up to homotopy) of a vector-field in 
N which satisfies d\(G, H) > for the outward normal vector-field G of Ds 
along the boundary. 

The normal form of isotropic subspaces of contact manifolds (see [McDj ) 
implies that there is a contactomorphism which identifies a neighborhood of 
Ds C Y with some neighborhood of the isotropic (k + l)-disk 

D 0ik cJ\R n ) 

such that the Lagrangian framing of the symplectic normal bundle N' of Ds 
is identified with the Lagrangian framing 

{d qk+2 ,...,d q J 

of the symplectic normal bundle k of Z?o,fc- Moreover, the contactomor- 
phism can be taken to preserve the contact form. 
Since 

TL\ S -TSemHe Md qk+2 , ■ ■ ■ ,d qn ), 

we may, after possibly choosing smaller neighborhoods and perturbing L 
with a small Legendrian isotopy, assume that the contactomorphism identi- 
fying Ds with -Do,fc, and hence S with So.fcj moreover satisfies the following: 
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• The framing of the normal bundle N of S coincides with the above 
framing of Nq^ defined in Section 13.31 

• A neighborhood of S C L is identified with a neighborhood of if?o,& C 
Lo,k- 

3.4.2. The constructions ofV e and Lg- The identification of a neighborhood 
of Ds with a neighborhood of Dq^ via the contact-form preserving map 
constructed above induces an exact symplectomorphism of a neighborhood 
of 

R x Ds cRxF 

with a neighborhood of 

R x D 0<k C R x J x (IR n ) 

which, moreover, preserves the symplectization coordinate t, and identifies 
RxL with Wo- 

We make the identification of R x J x (R n ) with T*R n+1 as in Section 
13.31 After choosing a small enough e > 0, we may thus assume that the 
neighborhood 

x\ + ...+ x 2 k+1 < r, + e, 



U, 



T 

X fc+2 + • • 
X n +1 > 



pn+l 



Of 



< 3y / e(r? + e)x n+ i, i < n, 
|y n+ i| <3e 1 /6 ( r? + e ) 

x Dq is contained in the image of the above contactomorphism. 



Lemma 3.3. For e > small enough, W t and Wo coincide outside of the 
open set U e > for any e' > (2/3) e. 

Proof. We show the claim for Uf 2 /3)ei that is, we set e' = (2/3)e. The general 
statement obviously follows from this. 
Consider the function 



x 2 + p e {x 2 )y, 



fy{x) :-- 

where p is as defined in Section 13.31 Recall that f y {x) is symmetric in x 
and that f y (x) = x 2 whenever x 2 > rj + e'. Since /q > obviously holds, 
and f'^ +e /2 > holds by construction, we conclude that f' y ' > for all 
< y < rj + e/2. From this we conclude that 

/ v (0) </j,(x) < V + e' 

for all x 2 < rj + e', < y < rj + e/2. Hence we get the bound 

< /„(0) < x 2 + Pe (x 2 ) y- V <e 

for all x 2 < rj + e' and < y < 77 + e/2. 
The above inequality implies that the set 

W e n {x\ + . . . + x^ +1 < T] + e'} 
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is contained inside 

{ x k+2 + • • • + x n < e '} 

and, furthermore, that the inequality 

F e (x) < (e') 3/2 

holds on the same set. 

Furthermore, since p e (x 2 ) vanishes when x 2 > r\ + e', it follows that W e 
and Wq coincide outside of the set 

{x\ + . . . + x 2 k+1 < T) + e'} , 

and by the above remark, outside of 



O 



x\ + . . . + x 2 k+1 < r? + e', 
X k+2 + ■ ■ ■ + x n < e 



Since f y (x) is symmetric in x and has increasing derivative by assumption, 
and since f' y {±^/ri~+~€ r ) = ±2y / ry~+e 7 , we have the bounds 

d 



dx. 



< 



for 1 < i < k + 1 , and 



< 



(3/2)|F e (x)^ 2 / 3 | (2v^) < 3^7(^+7) 



for k + 2 < i < n. inside O, which implies that W e n O is contained in the 
set 

[\Vi\ < 3y / e'(rj + e')x n+1 , 1 < i < n| . 

Finally, since < cr^(x) < (r/+e)e~ 1 / 3 , together with the estimate F e (x) < 
(e') 3 / 2 on O, we get the bound 

d 



dx 



n+l 



-F e (x)x n 



+1 



< F e (x) + ^(x^ 2 / 3 ^^) < ( £ ') 3/2 + ^0 1/2 e - 1/3 ^ + 6). 

on O. For e > small enough, this implies that W e fl O is contained inside 

{|y n+1 |<3( e ') 1/6 (^ + 6')}. 

In conclusion, W £ and Wo coincide outside of the set U e '. □ 

Since Wo and W e in particular coincide outside of the set U e , we can 
replace Wo with W e inside U e which, after identifying U e with the neighbor- 
hood of R x D5 as above, produces an exact Lagrangian cobordism V t inside 
R x Y from L to a Legendrian submanifold diffeomorphic to the manifold 
obtained by /c-surgery along S. We denote this Legendrian submanifold by 
L S CY. 
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Definition 3.4. Given Legendrian ambient surgery data for L CY, the Leg- 
endrian ambient surgery on L is the Legendrian submanifold Ls C Y defined 
as above, by replacing L with the standard model Lq^ in a neighborhood of 
Ds C Y, where the identification is determined by the Legendrian ambient 
surgery data as above. 

Remark 3.5. Observe that for e > small enough the Legendrian isotopy 
class of Ls C Y is independent of the homotopy class of the choices made for 
the Legendrian ambient surgery data and of the choices made in the above 
construction. Also, see Remark 13.21 

Remark 3.6. When k < n — 1, the isotropic bounding disk Ds is subcritical 
and hence generically has no Reeb chords. In particular, for any E > we 
may assume, after choosing e > small enough, that the Reeb chords on Ls 
having action less than E consist of Reeb chords coinciding with the Reeb 
chords on L having action less than E, together with the Reeb chord c new 
on Ls situated in the middle of the handle. 

3.5. The effect of a Legendrian ambient surgery on the Maslov 
class. The Maslov class of a Lagrangian cobordism pulls back to the Maslov 
classes of its Legendrian ends under the inclusion maps. Hence 

M(ffi(L)),M(ffl(£s)) C fJt(Hl(V e )) C Z. 

Let X U (D k+1 x D n ~ k ) denote a (k + l)-handle attachment on the man- 
ifold X, where X has non-empty boundary. From the associated long exact 
sequence in singular homology 

. . . -> H 2 (D k+1 x D n - k , S k x D n - k ) -> Hx(X) -»■ 

-> H X {X U (D k+1 x D n ~ k )) -»• Fi(D fc+1 x D n - k ,S k x D n ~ k ) -»• 

^Ho(X)^..., 

together with the fact that 

Fi(D fe+1 x D n - k ,S k x D n - k ) ~ 

we conclude that the above map 

H X {X) 4fli(IU (D k+1 x D n - fc )) 

is surjective except possibly in the case k = 0. 

Setting X = (-co, -1] x L and identifying X U (D k+1 x LP"* 1 ) with V e , 
we conclude that 

/i(ffi(i)) = /i(ffi(y e ))cz 

whenever Ls is obtained from L by an ambient fc-surgery with k > 0. 

Since, topologically, is obtained from a (n — fc)-handle attachment on 
(— oo, —1] x Ls, the same argument shows that 

KH^Ls)) = fi{Hi(L)) = n(Hi(V e )) C Z 

whenever is obtained from L by an ambient A:-surgery with < k < n — 1. 
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In the case k = 0, we made the observation that we have a choice living 

in 

K X {U(n-l)) ~ Z 

for the Lagrangian framing of the symplectic normal bundle of the bounding 
1-disk. In the case when the 1-handle attachment adds a generator in Hi, 
these choices correspond to the Maslov index of the newly added generator, 
which hence can be chosen arbitrarily. 

4. The DGA of L twisted by S c L 

Let L C (Y, A) be a chord-generic Legendrian submanifold of a contact 
manifold of dimension 2n + 1, together with an embedded framed A>sphere 
S C L which is disjoint from the Reeb chords on L. Here we make the 
requirement that k < n — 1. 

Fix any number E > 0. In this section we will only consider the Reeb 
chords on L having action less than E. Thus, there are finitely many such 
Reeb chords and, moreover, they all are at some positive distance away from 
S. 

In the case when L has only finitely many Reeb chords, we may of course 
take E > big enough to capture all of them, however, for the general case, 
we refer to Section [6] for a direct limit construction which takes into account 
all of the Reeb chords. 

4.1. The algebra. We define the Legendrian contact homology DGA of L 
twisted by S as follows. As an algebra it is freely generated over Z2 by 

A(L,S) E :=Z 2 (Q(L) E U{s}), 

where Q(L) e denotes the set of Reeb chords on L of action less than E, and 
where s is a formal variable. The Reeb-chord generators are graded as in 
Section 12.11 while we grade the formal variable by 

\s\ = n — k — 1. 

In the case when Q(L)e contains all the Reeb chords on L, we drop E 
from the notation and simply write A(L, S) := A{L, S) . 

Remark 4.1. Note that in the case when there are Legendrian ambient 
surgery data for a surgery along S, the grading of s coincides with the 
grading of the new Reeb chord c new which appears in the middle of the 
handle produced by the surgery (see Section [3~4"1) . 

4.2. The relevant moduli spaces. We fix an identification of a neighbor- 
hood of S C L with S x M n_fc using the framing, and choose a non-zero 
vector v G M. n ~ k \ {0}, which is considered as a non- vanishing normal vec- 
tor field to S C L. We extend v to an R-invariant vector field normal to 

IxSclxI. 
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Let a G Q(L)e be a Reeb chord on L, b = b\ ■ . . . • b m a word of Reeb 
chords on L, w = (wi, . . . , if m +l) £ {^>o) m+1 , and A G H\(L). In Section 
Owe define the moduli spaces 

M fl;biW;A (RxL,KxS,v) 

which count pseudo-holomorphic disks u: D — > R x 1", for any choice of 
conformal structure on D = D \ {po, . . . ,p m }, satisfying 

• u(dD 2 ) Clxi; and, after closing up the boundary with appropri- 
ately oriented capping paths, one obtains A G H\(L). 

• u has a positive puncture asymptotic to a at po- 

• u has negative punctures asymptotic to 6, at pi for i > 0. 

• u maps a number Wi of boundary points on the arc between pi and 
Pi + i to R x S (where we set p m +i '■= Po), such that each point is 
counted with multiplicity Z + l, where I is the order of tangency of the 
boundary to exp RxS (Rv) in case when the tangent of the boundary 
has a positive component in the v-direction, and where otherwise 
1 = 0. 

For convenience, we will in the following denote these spaces by 
M a ;b,^A(L,S^) := -M a; b,w;A(R x L, R x 5, v). 
Their expected dimensions are given by the formula 

dim.Ma;b,w;A(A S,v) = |o| - |&i| - ... - \b m \ - \s\(wi + . . . + w m +i)+n(A), 

as shown in Section 18.81 Observe that for cylindrical almost complex struc- 
tures these spaces carry a natural R-action induced by the translation in the 
symplectization direction. 

We will also need the moduli spaces 

<b,.^.5,v) := M 6 ^. A (R x L,R x 5,v), 
which are constructed in Section [9l where 5 > and 

k = (h, . . . , k wl+ ... +Wm+1 ) g (z>or i+ - + ^ +i 

is a tuple of increasing integers. These moduli spaces are defined as the 
above, but where the last condition is replaced by 

• u maps a number Wi of boundary points on the arc between pi and 
Pi+i (where we set p m +i '■= Po) to the parallel copies exjp KxS (ki5v) 
of R x S, such that the i:th boundary point with respect to the order 
on dD\{po} induced by the orientation is mapped to exp RxS (A;j5v). 
Here exp denotes the exponential map onlxi for some choice of 
metric. 

In the case when k = (0, 1, . . . , wi + . . ,+w m +i — 1), we will use the notation 
M°. htW . A (L,S,v) :=M S £ >wiA (L,S,v). 
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Lemma 4.2. There is a cylindrical almost complex structure onM. xY for 
which all moduli spaces 

are transversely cut out, as well as the moduli spaces 

M a -h^-A{L,S, v) 

of expected dimension 1. 

Proof. The goal is to apply Proposition ^. 51 which requires that the complex 
structure is integrable in a neighborhood of 1 x 5 and that S, L and v 
satisfy real-analyticity conditions in this neighborhood. Proposition 19. II then 
ensures that we moreover can assume that the spaces 

are transversely cut out for this almost complex structure, since the Reeb 
chords of interest are at some positive distance from R x S. 

As in Section feAll we may use the theorem of the normal form for Legen- 
drian submanifolds to show the following. Let the Legendrian submanifold 
Lo : k C J 1 (M n ) and the sphere So,fc C Lq^ be as defined in Section [3T3l We 
can make an identification of a neighborhood U of S C Y with a neighbor- 
hood of C J 1 (M n ) by a contact-form preserving contactomorphism for 
which: 

• S is identified with So,fc- 

• U n L is identified with a neighborhood of So,fc C Lo,fc- 

• The vector field v along S is identified with the vector-field 

q x d Pl + ... + q k +id Pk+1 

along 5 ,fe. 

This contactomorphism induces an exact symplectomorphism identifying 
the neighborhood R x U of 

Mx5cRx7 

with a neighborhood of 

RxSb,*cRx J 1 ^™), 

while preserving the symplectization coordinate. 

We now choose a cylindrical almost complex structure on M x Y which 
is integrable in the neighborhood R x U. Using the above identification of 
R x U with a neighborhood in R x J 1 (R n ), we there require the almost 
complex structure to be given by 

J \ = dpi +V d t, 
Jd Pi = -d q . -yd z , 
Jd t = d z , 
Jd z = -d t . 
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This cylindrical almost complex structure is integrable since its correspond- 
ing Nijenhuis tensor Nj(X, Y) vanishes identically, as can be checked by a 
direct calculation, where on local sections X, Y of TM n+1 we have 

Nj(X,Y) = [X,Y] + J([JX,Y] + [X, JY]) - J[X,Y]. 

We may identify the neighborhood R x U with a neighborhood in T*R n+1 
as in Section [3.31 Under this identification, it immediately follows that the 
projections 

(xi, yi /x n+1 ) : T*R n+1 -> C, i = 1, . . . , n 

are holomorphic for the above cylindrical almost complex structure. 
Finally, using the holomorphic projection 

M x J^R") -> T*R n ~ C n , 

one can see that 

Rx%clx L , fc C R x J^R") 

both are real- analytic submanifolds, and that v is a real- analytic vector 
field. It follows that there is a holomorphic identification of a neighborhood 
oflxScKxy with a neighborhood in 

T*(R x S k x R x M™-^ 1 ) c T*(R x R k+1 x E^^ 1 ), 

where the latter spaces are endowed with the standard integrable complex 
structure, and where: 

• R x L is identified with the zero-section. 

• R x S is identified with the submanifold R x S h x {0} of the zero- 
section. 

• The vector- field v along R x S is identified with the coordinate vector- 
field of the second M-factor in the zero-section R x x R x R 71- * -1 . 

It follows that Proposition 18.51 applies, which finishes the proof. □ 

4.3. The boundary map. We define the differential of the Legendrian 
contact homology algebra (A(L, S) ,ds,N) twisted by S as follows. 

9s,n( s ) '■= °> 
9s,n(o) ■= 

^ \M aib , w . )A (L,S, V )/R\s w 'b lS ^ ■...■s w ™b m s w ™+\ 

dimA4 a;b ,w|A(i,S',v)=l 

where a G Q(L)e- We extend c?s,iV to ^4(L, S') £ ' using the Leibniz rule. From 
the above dimension formula it immediately follows that 8s,n has degree — 1. 

According to the energy formula for pseudo-holomorphic disks with punc- 
tures, the above sum contains only finitely many terms. Furthermore, ac- 
cording to the compactness result in Proposition 18.61 there are only finitely 
many solutions in each rigid moduli space. Finally, by the compactness 
theorem in BEH + j . the moduli space M a ;b,w,A(L, S, v), where a and b are 
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fixed, is non-empty only for finitely many values of A € H\{L). It follows 
that ds,N is well-defined. 

Remark 4.3. The above complex is supposed to model the Legendrian con- 
tact homology DGA of a Legendrian submanifold L$ obtained by Legen- 
drian ambient surgery on L along S, in the case when it can be performed. 
The formal generator s is supposed to correspond to the Reeb chord c new 
produced by such a surgery. The following calculation can be seen as a 
motivation for why we should have ds,N(s) = 0. 

Since the Reeb chord c new on L$ produced by a Legendrian ambient 
surgery can be made to have arbitrary small action, we immediately get 
that 

dCnew — 

in the case when |c neiu | ^ 1, i.e. when k ^ n — 2. 

In the case when k = n — 2 one can check that the same computation is 
true in the standard model C J 1 (M n ) by using the technique of gradient 
flow trees defined in [Ekhlj . In this case, there are exactly two rigid flow 
trees having a positive puncture at c new and no negative punctures. This 
calculation is made precise in Lemma 15.61 

Remark 4.4. The differential will in general depend on the framing of S. 

Proof of Theorem We have already discussed the well-definedness of 
ds,N- We start by showing ds,N 2 = 0. Suppose that 

dimM ai h,w,A(L, S, v) = 2. 

By the compactness results in [BEH + | and the transversality of the 1- 
dimensional moduli spaces, together with the nature of gluing, it follows 
that the compactification 

M 5 a]h ^, A (L,S,v)/R 
is diffeomorphic to a 1-dimensional manifold with boundary, such that 

dM S a , b ^, A (L, S, v)/E = M S a . h ^ A (L, S, v)/M \ A< b , w;A (L, S, v)/M. 

Moreover, the boundary consists of holomorphic buildings of exactly two 
levels, where the upper level consists of one pseudo-holomorphic disk in 

and where the lower level consists of one pseudo-holomorphic disk in 
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together with trivial strips over Reeb chords, and where these moduli spaces 
satisfy 

dim - M a;b',w';A'( L ' 5 '' V ) = dim M b^b" ;A" ( L > S > V ) = 

A' + A" = A, 

U — h> U h" h" h' h' 
° — °1 • • • ■ ■ ■ °m"°i+2 •■• Vi 

( w = (w' 1 ,...,w' i + w'{, 11%, w'^„,w'^ //+1 + w' i+1 , w' m>+1 ), 
d! = w[ + ...+v/ m , +v 
d" = w» + ... + w^ l+1 , 

k' = (0, . . . , w[ + . . . + v/i - l,w[ + . . . + w't + d", ...,d' + d"- 1), 
k" = (w[ + . . . + w' i: . . . , w[ + . . . + w't + d" - 1). 

Conversely, gluing two such solutions produces a solution inside the 2- 
dimensional moduli space 

M S a . htW . A (L,S,v), 

By Proposition 19.41 it follows that, for 5 > small enough, there is a 
bijection between the boundary-points dA4 a . h W . A (L, S, v) and the disjoint 
unions of the spaces 

M a -b',w';A'(L,S,v) x M b '., b » jW »- >A »(L, S,v) 

satisfying 

duaM a> b',w';A'(L, S,v) = dimM b <.. h >> tW ». A »(L,S,v) = 1, 
A' + A" = A, 

' u _ z/ U h" h" h' h' 
° — °1 ■ ■ ■ ■ ■ ■ °m"°i+2 

k W=(w' 1 ,...,U)' i + W'{, W'{, W'^n , W" m „ + X + W' i+1 , U)' m , + 1 ). 

This implies that the coefficient of the word b in the expression ds^N 2 ^) 
is the cardinality of the boundary points of a 1-dimensional manifold, and 
hence it is equal to modulo 2. 
It now remains to show that 

(A(L),d)~(A(L,S)/(s),d s , N ). 

To that end, observe that a 1-dimensional moduli space -M^b.o^^ S, v) is 
the usual moduli spaces in the definition of the Legendrian contact homology 
DGA. It follows that the differential ds,N 1S ° n the form 

9s,n(o) = d(a) + h s ,N(a), a G Q(L) E 

when evaluated on a generator, where d is the differential for the Legendrian 
contact homology DGA of L and where the function hs,N has image in the 
two-sided ideal (s). □ 
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5. The isomorphism 

Let Y be a contact manifold of dimension 2n + 1 and consider L$ C Y 
obtained from the Legendrian submanifold L C Y by a Legendrian ambient 
surgery along the &;-sphere S C L with bounding disk Ds C Y. Let V e C 
M x 7 be the exact Lagrangian cobordism from L to Lg constructed in 
Section [3.41 corresponding to a (k + l)-handle attachment. Here we assume 
that k < n — 1. 

Fix any number £7 > 0. In this section we will only consider the Reeb 
chords on L and L$ having action less than E. Thus, there are finitely many 
such Reeb chords and they all are at some positive distance away from S. 
Since Ds is subcritical, we may assume that they all are disjoint from Ds 
as well. It follows that, after choosing e > small enough, the Reeb chords 
on Ls of action less than E coincide with the Reeb chords on L of action 
less than E together with the Reeb chord c new . We refer to Section [6] for a 
direct limit construction which takes care of the general situation. 

As described in Section 12.51 the exact Lagrangian cobordism V e induces 
a DGA morphism from (A(Lg),d) to (A(L),d) by counting rigid disks in 
the cobordism. We will modify the definition of this chain map by taking 
into account rigid disks having incidence conditions on parallel copies of the 
core disk of the (k + l)-handle of the cobordism V t . This will map will be a 
tame isomorphism of DGAs 

tf: (A(L s ),d)^(A(L,S),d StN ), 

and, in particular, it will induce an isomorphism of the corresponding ho- 
mologies. 

5.1. The relevant moduli spaces. Recall the definition of the model of 
an exact Lagrangian {k + l)-handle attachment 

W t C T*R n+1 ~ R x J^W 1 ) 

defined in Section 13.31 This is an exact Lagrangian cobordism from the 
Legendrian submanifold Lq^ C J 1 (M n ) to L e ^ C J 1 (M n ), where the latter 
is obtained by a Legendrian ambient surgery on Lq^ along the /c-sphere 
So,k C Lo,fc with bounding disk Z?o,fc C J^IR"). 

Recall the definition of ip e in Section 13.31 and consider the submanifold 

s ok :=w e n\ 4 + --- + 4 + i = v-<Pe(x), } cW 

{ x k+ 2 = ■ ■ ■ = x n = J 

This submanifold may be considered as the core disk of the (k + l)-handle of 
the cobordism W t . Observe that the submanifold of R x J 1 (M n ) ~ T*R n+1 
identified with S .fc coincides with (— oo, — 1) x So,fc outside of a compact set. 
By vo/x n+ i we denote the vector field 
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along So±. This section can be extended to a framing 

Vo,d Xh+2 , ... ,d Xn , 

of the normal bundle of So,k C W e . 

Observe that the vector field vq restricted to 

(-00, -1) x S ,k C S 0)k 

is R-invariant and normal to 

(-oo,-l) x S ,k C (-oo,-l) x L ,fc. 

By the construction of V e there is an exact symplectomorphism which 
identifies a neighborhood of R x Dg ClxF with the neighborhood U t C 
T*(R n+1 ) ~ Rx J X (R) defined in Section [3X2] such that W e nU € C T*(R n+1 ) 
is identified with V e . Moreover, this exact symplectomorphism preserves the 
symplectization coordinate. 

We will use S C V t to denote the submanifold identified with So,fc C 
T*(R n+1 ) under this identification, and v to denote the vector field identified 
with vo- 

It follows that S C V e coincides with (—00, —1) x S outside of a compact 
subset and that the vector field v, which is a normal to S C V e , is R- 
invariant when restricted to (—00, —1) x S. We let v denote the extension 
°f vbo^-ijxS to an R-invariant vector field along R x S. 

Let 5 > 0, a £ Q(Ls)e, b = b\ ■ . . . ■ b m a word of Reeb chords on L, w = 
(wi, . . . , w m +i) S (Z> )' m+1 a tuple of integers, k= (h, . . . , k Wl+ .,. +Wm+1 ) £ 
(Z>o) u,1+ '" +Wm+1 a tuple of increasing integers, and A £ H\(V). In Section 
M we define the moduli spaces 

which count pseudo-holomorphic disks u: D — > R x Y, for any choice of 
conformal structure on D = D \ {po, . . . ,p m }, satisfying 

• u(dD 2 ) C V t and, after closing up the boundary with appropriately 
oriented capping paths, one obtains A £ Hi(V £ ). 

• u has a positive puncture asymptotic to a at po- 

• u has negative punctures asymptotic to 6, at pi. 

• u maps a number Wi of boundary points on the arc between pi and 
Pi+i (where we set p m +i '■= Po) to the parallel copies exp^/c^v) of 
S, such that the z:th boundary point with respect to the order on 
dD\{po} induced by the orientation is mapped to exp^(/jj(5v). Here 
exp denotes the exponential map on V e for some choice of metric. 

In the case when k = (0, 1, . . . ,w\ + . . . + w m+ \ — 1), we will use the notation 
M 5 a . hjW . A (V, S, v) := M'li. wA iV. S, v). 
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Lemma 5.1. There is a cylindrical almost complex structure on R x Y, 
which is integrable in a neighborhood o/lx Ds, for which the moduli spaces 

M S £ !V ,. A (Ve,S,v) 

and 

are transversely cut out. Moreover, the almost complex structure can be 
chosen such that Lemma \^.S\ is fulfilled, i.e. such that the moduli spaces 

M a . biW . A (KxL,Rx5,v) 

of expected dimension 1, and all moduli spaces 

^ w; #xL,Kx5,v), 

are transversely cut out. 

Proof. In the neighborhood of R x D$ which is identified with U e C T*R n+1 
by the above identification, we define the cylindrical almost complex struc- 
ture by requiring the projections 

(xhVi/xn+l) ■ U e ->• C 

to be holomorphic for i = 1, . . . , n. As noted in the proof of Lemma 14.21 
this requirement makes the almost complex structure integrable in U e 

Observe that we can assume that the almost complex structure con- 
structed here coincides with the one constructed in the proof of Lemma 
14.21 and hence that the statements in that lemma holds for this choice of 
cylindrical almost complex structure as well. 

By using Proposition 19.14 we get transversality for every moduli spaces 
in the statement with an almost complex structure as above except those 
having a positive puncture at c new . Namely, for these moduli spaces, Propo- 
sition 19.11 would require a perturbation of the almost complex structure in 
the neighborhood U e , which we want to avoid. However, the transversality 
for these moduli spaces follows by Lemma 15.61 

To that end, for achieving transversality of the disks with a positive punc- 
ture at c new without perturbing the complex structure near R x c new , we 
must instead perturb the vector field v. 

Observe that the submanifold 

W e n{x 2 1 + ... + x 2 k+1 = 0} CT*(R"' +1 ), 

which may be viewed as the cocore disk of the (fc + l)-handle attachment W e , 
intersects the core disk Sq & transversely precisely at the point in T*R n+1 
satisfying 

Xi = 0, i < n, 
Vi = 0, i<n + l, 
x n +i = 1- 
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Moreover, the vector field vo is tangent to the cocore disk at this point. A 
perturbation of vo in a neighborhood of this point will take us out of this 
degenerate situation. □ 

5.2. The tame isomorphism \&. Let (A(Ls) E ,d) C (A(Ls),d) denote 
the sub-complex generated by Reeb chords of action less than E. 
We define the map 

tt: A(L S ) E ^A(L,S) E 
on the generators Q(Ls)e of A(Ls) E by 

*(a)= \M 6 a . hiW . A (V £ ,S,v)\s^b lS W2 ■ . . . ■ s w ™b m s w ™+\ 

dim ^a;b,w;A(^>5,v) = 

The map ^ is then extended to all of A(Lg) as an algebra map. 

Observe that by Formula (15. ip it follows that if b\ ■ . . . ■ b m is a word of 
Reeb chords on L with non-zero coefficient in ^(a), where a £ Q(L)e, then 

i J- Of 1 / 3 1 4- 2? 1 / 3 

1^173 E * T^r^ a) - m + • • • + e{bm) - 

Since the action-spectrum of the Reeb chords on L is discrete, we may thus 
assume that ^ does not increase action after choosing a small enough e > 
(depending on E). Furthermore, by the compactness results in Proposition 
19.21 it follows that each rigid moduli space occurring the above expression 
is finite. Finally, by the compactness theorem in [BEH + j . it follows that the 
moduli space M. s a .^ w . A (y e ,S,v), where a and b are fixed, is non-empty for 
only finitely many values of A G H\(V). Consequently, is well-defined. 
The dimension formula 

dim M s a . htV/ . A (V e , S,v) = \a\-\h\- . . . - \b m \ - + . . . + w m+1 )+ fi(A), 

shows that ^ is of degree 0. However, we have to choose the grading in the 
group 

z/^H x (y e )) 

for both A(L) and A(L,S). We refer to Section [531 for a discussion of the 
effect of a Legendrian ambient surgery on the Maslov class. 



Proof of Theorem \1.4\ First, the chain-map property can be proven by an 
argument similar to the one showing that ds n 2 = in the proof of Theorem 
11.21 To that end observe that, for 5 > small enough, Proposition 19.21 
implies that 

l< k b,w;A(^,v)| ee \M^ w;A (V £ ,S,v)\ (mod 2) 

for different choices of tuples k and k' whenever 

a™M% >w . A (V e ,S,v) = 0. 

We now show that ^ is a tame isomorphism. To that end, we may have 
to choose a smaller e. For technical reasons, however, we want to keep 
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the almost complex structure fixed inside the above neighborhood U e . For 
e' satisfying < e' < e we proceed as follows in order to construct V e >. 
Recall that, by construction, there is a neighborhood of K x D$ which is 
symplectically identified with U e C T*M. n+1 under which V e is identified 
with W e . We construct V t > by replacing W e n U e with W e > n U e , and using 
the above identification. Recall that Lemma 13.31 implies that W e and W e > 
coincide outside of U^/3)e- 

After replacing V e with V € i as above, where e' > is small enough, Lemma 
15.51 15. 7\ and Formula (|5.ip imply that \P acts as follows on generators: 

*(c) = c + b c , c E Q(L S ) \ {c new }, 

where b c is an element in the sub-algebra generated by the Reeb chords of 
L different form c. 

Finally, to see that <J> o vl* -1 i s the quotient projection as claimed, recall 
that 

(A(L) E ,d)~(A(L,S) E ,d s , N )/(s) 

by Theorem 11.21 and that the map $ is on the form $ + /y on generators, 
where fs is a map whose image is contained in the two-sided ideal generated 
by s. This follows since the moduli spaces M^-h o a(^> ^ ^) are m °duli 
spaces used in the definition of □ 

Proof of Corollary \l.b\ To see the bijection of augmentations, we proceed 
as follows. Let / to be two-sided ideal generated by s. An augmentation of 

(A(L),d)~(A(L,S),d s , N )/I 

pulls back to an augmentation of (A(L, S),8s,n)- Conversely, an augmenta- 
tion of (A(L, S), 8s,n) has to map s i— > since \s\ / holds by assumption 
(in the group where the grading is taken), and hence it descends to an 
augmentation of (A(L),d). □ 

5.3. Pseudoholomorphic disks in the cobordism. We let J be a cylin- 
drical almost complex structure on R x Y as constructed in the proof of 
Lemma 15.11 Hence, by definition, there is a holomorphic identification of 
a neighborhood of R x D s C R x Y with the neighborhood U e C T*R n+1 
as defined in Section 13.4.21 where the latter is endowed with the unique 
cylindrical complex structure under which the projections 

(xi,yi/x n+1 ) : U e ->• C 

are holomorphic. 

By assumption, we have constructed the cobordism V t . Let e' be a number 
satisfying < e' < e. We construct the exact Lagrangian cobordism V t i 
by replacing W e n U £ with W e > D U e inside the neighborhood of R x Ds 
identified with U e as above. Recall that W e and W € < coincide outside of 
U(2/3)e according to Lemma f3T3l 
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Recall that the non-cylindrical part of V t i is contained inside the subset 

(log (1 - (e') 1/3 ), log (1 + (e') 1/3 )) xYcRxY 

of the symplectization. We let 

iV_ := log (1 - 2e 1/3 ), N + := log (1 + 2e 1/3 ). 

Suppose that D be a pseudo-holomorphic disk in R x Y with boundary on 
V e i and boundary punctures asymptotic to Reeb chords of L and Lg. In the 
following, we fix the definition of the A-energy of D to be 

E X (D) : = sup / p(t)dtA\+ sup / p(t)dt A A, 

p: (-oo,JV_]^H> JD p: [JV + , + oo)^E>q J £) 

/(-oo,AT_) P(t)dt = l I[N + ,+°o) P(t)dt = l 

and the total energy of D to be 



E(D) = E dX (D) + E X (D) + f 



dt A A. 

Lemma 5.2. Let D be a punctured pseudo-holomorphic disk in the sym- 
plectization having boundary on V t i , positive boundary punctures asymptotic 
to the Reeb chords 

c+ ...,c+ + G Q(L S ), 
and negative boundary punctures asymptotic to the Reeb chords 

cf,...,c~_ G Q(L). 

The energies of D satisfy the following bounds: 

(5.1) < E dX (D) < T f^I73E% + ) -E^" 



(5.2) < E X (D) + / 



i=l i=l 

2 

dt A X < -i^Ud 



Dn([N-,N+]xY) 1 - 2e 1 / 3 Vi 

Proof. The statements more or less follow from |Ekh2[ Lemma B.3]. Below 
follows an alternative computation. 

Let ip: M. — > R be a smooth function satisfying ip' > and 

f log(l-2(e') 1/3 ), i<log(l-2(e') 1/3 ) 
¥>(*) = < t, log (1 - (e') V3 ) < t < log (1 + (e') 1/3 ) 

[ log(l + 2(e') 1 / 3 ), t >log(l + 2(e') 1/3 ). 

For the bound of the dA-energy, when e' > is small enough, consider the 
inequality 

< (1 - 2(e') 1 / 3 )E dX (D) = (1 - 2(e') 1/3 ) f dX < [ d(e^ X) 

for the dX-aiea of pseudo-holomorphic disks D in Y x R. 

Observe that the pullback of e v ®X to V^' equals the pullback of e*A, since 
both pullbacks vanish where V e i is cylindrical over a Legendrian submanifold 
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in Y. Furthermore, by construction, the primitive of the pullback of e t X to 
V e i may be taken to vanish outside of a compact set. 

Because of the asymptotical behavior of D, we now conclude that 

< (1 - 2(e') 1/3 ) f dX< f d(eV®\) 
Jd Jd 

= [ e^X 

JdD 

m+ m_ 

= e iog(i+2 (e ') 1 / 3 ) ^£( C +) - e i°g(i-2(0 1/3 ) Jitter). 

i=l i=l 

For Formula (|5.2p follows from the following computation. Let a : R — >• 
R>o be any smooth function satisfying the following conditions: 

• J(-oo,log(l-2(e) 1 /3)] °"(*) = 1> 

• /[log(l+2(e) 1 /3) >+00 ) <*{t) = 1, 

' = T32(W ^ - 1 * 6 [1 ° g (1 " 2(e)V3) ' l0g (1 + 2 ( £ ) 1/3 )^ 

Let := a(s)ds. The J-holomorphicity of the disk implies the 
inequality 

< / a(t)dt/\\= [ d(E(t)A)- / E(t)dA 
Jd Jd Jd 

< / d(S(t)A). 
Jd 



Finally, we have the equality 



D d(E(f)A) = (J^OO*) [L e ^j + J dD ^ l)X 

m_|_ 




1 - 2eV3 

where we have used that 



(1 + 26 1 / 3 ) - (1 - 2e 1 /3) 4e 1 /3 



l-2eV3 l-2eV3 1 - 2eV3 

together with the fact that £(t)A is exact on V e , where the primitive can be 
taken to have compact support. □ 

Lemma 5.3. Let C be a J -holomorphic disk in R x Y with boundary on 
V e i, where < e' < e, and boundary punctures asymptotic to Reeb chords. 
Identify U e C T*R™ +1 with a neighborhood of R x D s C R x Y as above. 
There is a constant A > independent of e' > for which the following 
holds. If C passes through the set identified with dUr^/^e C U t , then 

A < E(C). 
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Proof. Recall that V e > C R x Y coincides with W e > C T*R n+1 under the 
identification above. Moreover, according to Lemma 13.31 Ve' coincides with 
the cylindrical Lagrangian cobordism RxL outside of the set identified with 



U, 



(2/3)6 



cU e . 



Consider the symplectic form 

UJQ : 



dtAX + dX 



on R x Y which is compatible with J and invariant under translations of the 
^-coordinate. 

Using the identification of T*R n+1 with Ex J 1 (M n ) as in SectionESJ where 
the latter space is equipped with coordinates (t, (q, p, z)), U e is identified 
with the neighborhood 



q\ + ... + q 2 k+1 <r] + e, 

ll+2 + ■ ■ ■ + In < 2e, 
t > 



> C R x J^R 71 ), 



< 3^(7/ + e), i < n, 
\z\ < 3e 1 / 6 (?7 + e) 



which is invariant under translations of the i-coordinate, while the above 
symplectic form is identified with the symplectic form 



dt A I dz 



^ Pidqi +^2dqiA dpi 
i / i 



The monotonicity property for pseudo-holomorphic curves with and with- 
out boundary (see [Sikl Proposition 7.3.1] and [Sik, Proposition 7.4.3]), 
respectively, now applies to pseudo-holomorphic curves as above passing 
through <9f7( 3 /4) e C R x J 1 (R n ). 

In particular, there is a covering of dUr^u^ by a i-invariant set of open 

balls of radius r (relative the above coordinates) contained inside U t , where 
tq < r < 1 for some fixed tq > 0. The above monotonicity property 
provides a constant A > with the property that any disk C having ei- 
ther a boundary-point or an internal point intersecting dUf 3 /^ e has wo-area 
bounded from below by A when intersected with one of the above balls. 
The same estimate on the total energy of such a disk C now follows, which 
finishes the proof. □ 

Lemma 5.4. For e' > small enough every J -holomorphic disk D in the 
symplectization which has boundary on V £ > and exactly one puncture, which 
moreover is positive and asymptotic to c new , is contained in a set identified 
with 



xi = ... = 

X n +l > 1 



Xk+1 = Vl 



Vk+i = o, 



C T*] 



pn+l 



under the above identification. 
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Proof. Any disk satisfying the assumptions of the lemma, but that is not 
contained in U e , must intersect dUr^u\ e and hence has total energy bounded 
by A from below by Lemma 15.31 

Formulas (|5.ip and (|5.2p show that for e' > small enough, we may 
assume that the total energy of D is arbitrary small. Together with the 
above monotonicity property, we may hence assume that D is contained 
inside U e for e' > small enough. 

Consider the holomorphic projections 

(xi,yi/x n+1 ): U t ^C 
for % = 1, . . . , n. The image of 

W £ , n u e 

under these projections is shown in Figure Q] for i = 1, . . . , k + 1, and in 
Figure [2] for i = k + 2, . . . , n. We use fi to denote the composition of the 
disk D with the projection (xi, yi/x Tl+ i). 

By the asymptotical property of D we know that each fi fills some part of 
the corner above or below the image of c new in Figured] for i = 1, . . . ,k + 1, 
unless fi is constantly zero. By the open-mapping theorem it thus follows 
that fi = 0. 

Furthermore, considering the projections fi for i = k + 2, . . . , n, the open 
mapping theorem implies that 

D C U e n {xi = . . . = x k+ i =y 1 = ... = y k+1 = 0}. 

Finally, to see that x n +i > 1 on D, observe that this estimate is true for 
the boundary of D since 

W € > fi {xi = . . . = X k+ i =y 1 = ... = y k+1 = 0} C {x n+ i > 1}. 

The result now follows by the open mapping theorem applied to the projec- 
tion to the (x n+ i, y n+ i)-plane restricted to D. □ 



yi/Xn+l 







W<V + e) / 


'rj + e 






•^z^T 1 





















Figure 1. The image of W e i under the holomorphic projec- 
tions (xi,yi/x n+ i) with i = 1, . . . , k + 1. 
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yi/X n+ i 















_3e' 
















— 









Figure 2. The image of W e > under the holomorphic projec- 
tions (xi,yi/x n+ i) with i = k + 2, . . . , n. 

Lemma 5.5. For small enough e' > 0, every J -holomorphic disk D in the 
symplectization which has boundary on V e > intersecting S and exactly one 
puncture, which moreover is positive and asymptotic to c new , is contained 
in the holomorphic strip M x c new Clx7. In particular, there is a unique 
such disk. 

Proof. Let D be such a disk. By the previous lemma, we may assume that 

D C U e D {xi = . . . = Xfc+i =yi = ... = y k +\ = 0, x n+ i > 1} 
in T*R™ +1 . Thus, D intersects S in the set 

{Xi =Vi = 0, % = 1, . . . ,71, 1 
X n +1 = 1, > • 

Vn+1 =0 J 

The holomorphic projections 

(xi,yi/x n+ i): U e C, 

for i = k + 2, . . . , n maps 

W e / n {xi = . . . = x k+l = o, x n+ i > 1} 

to a filled figure-8 having its center at the origin in C as shown in Figure [2j 
Let fi denote the composition of D with the projection (xi,yi/x n+ i), which 
is holomorphic on the disk. 

By using the open mapping theorem, we get that the image of fi restricted 
d to D has values in the filled figure-8 and, moreover, if a boundary point 
of D is mapped to the origin in Figure [2] by fi, it must vanish identically. 
We conclude that D is contained in the holomorphic strip M. x c new . □ 

Lemma 5.6. The moduli spaces M. Cnew -o tVf] A(VE, S, v) with w ^ 0, as well 
as the moduli space M. Cnew -fi\A{Ls) in the case \c new \ — 1, are all transversely 
cut out for this particular choice of J. 
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Proof. We start with the spaces M- Cnew ;0,w,A(ye, S where w ^ 0. Ob- 
serve that by Lemma 15. 5( together with the choice of v in the proof of 
Lemma 15.11 in order for the moduli space to be non-empty, we must have 
w = 1. Moreover, there is a unique disk in this moduli space. 

Since the disk is contained in U e , the linearized problem splits into the 
summands 

(E 1 ,F 1 )®(E 2 ,F 2 )(B(E 3 ,F 3 ), 

where (Ei,Fi) — > D 2 \ {1} are complex bundles with a real sub-bundle 
Fi — > dD 2 \ {1} over the punctured unit disk. Here, we let E\ correspond 
to the coordinates (x\, . . . ,Xk+i,yi, . . . ,yk+i), E 2 correspond to the coor- 
dinates (xfc + 2, • • • , x n ,yk+2, ■ ■ ■ , Un) and E 3 correspond to the coordinates 
(x n +i, y n +i)- We have natural holomorphic trivializations 

Ex ~ C* +1 , E 2 ~ C^* -1 , E 3 ~ C, 

under which 

Fx ~ R(e^We,-; 1 < j < k + 1) C E x , 

F 2 ~ R(e^^ej; k + 2 < j < n) C E 2 , 

F 3 ~ Ee^We n+1 C 

where is a coordinate on dD 2 . 

One can check that ipi is decreasing and has range inside (— 7r/4, 7t/4), 
is increasing and has range inside (— vr/4, 7r/4), and that </?3 is increasing 
and has range inside [0, 7r]. 

Observe that since we have an integrable complex structure in a neighbor- 
hood of the disk, the linearized operator is the standard Cauchy-Riemann 
operator. 

The adjoint problem can naturally be considered to have boundary con- 
dition 

{E^Ft) (E 2 , F 2 *) (E 3 , F 3 *) ~ ((Ex, Fx) (E 2 , F 2 ) (E 3 ,F 3 ))* 
given by 

F^ ~ R(e _i ^ 1 W +fl )e i ; 1 < j < fc + 1} C E x , 
F 2 * ~ M(e- i(v2(9)+e) e j; k + 2<j<n)c E 2 , 
F* ~ Me- l ^ 3 ( e ) +e )e n+1 C £? 3 . 

By the argument principle it now follows that the adjoint problem has no 
kernel, and hence, the original problem has no cokernel. 

To check that the sections in the kernel are transverse to TS at the 
intersection-point, we observe that non-zero sections in the kernel cannot 
vanish at any boundary point except the puncture by the open mapping 
principle. This concludes the proof that M. Cnew fi,i;A(ye-, S,v) is transversely 
cut out. 

We now show the transversality for Mc nt:w ;0;A(Ls) when \c new \ = n — k — 
1 = 1, and hence k = n — 2. Since D has no negative punctures, we may 
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identify each solution D in M. Cnew ;0;A(Ls) with a solution having boundary 
on V e C R x Y and satisfying mini D > log 2, where t is the symplectization 
coordinate. 

Lemma 15.41 now implies that D is contained in a neighborhood identified 
with 

U e n { Xl = . . . = = = Vl = . . . = y n _i, x n+l > 2} C T*R n+1 

under the above exact symplectomorphism. Considering Figure [21 we imme- 
diately find that a solution has to map to either of the two domains bounded 
by the figure-8 curve under the projection to the (x n ,y n /x n+ i)-plane. Con- 
versely, by using the methods in [ENS, Section 7.2], one can show that there 
are unique lifts of the two obvious disks in the (x n , y n /x n+ i)-plane bounded 
by the figure-8 curve to disks in the symplectization having a positive punc- 

To see that these disks are transversely cut out, again the linearized prob- 
lem splits up into the summands 

{Ei,F 1 )®(E 2 ,F 2 )®(E 3 ,F 3 ). 

In this case, the boundary condition is given by 

F x ~ R^Wej] 1 < j < n - 1) C E 1} 
F 2 ~ Re^ 2 ^e n C E 2 , 
F 3 ~ Re^We n+1 C E 3 , 

where ipi is decreasing and has range inside [— 7r/4, 7r/4], ip 2 is increasing 
and has range in [vr/4, 77r/4] and (p 3 is increasing has range in [0, it]. Con- 
sequently, the dual of the linearized problem has no kernel, and hence the 
linearization of the original problem has no cokernel. □ 

Lemma 5.7. Let c G Q{L$) \ {c new }. For e' > small enough, the only 
disk in -M c;c;j 4(V^) is the trivial strip over c. 

Proof. Recall that we have fixed an identification of a neighborhood of 1 x 
D s C R x Y with U € C T*R n+1 . Any disk inside M c - C]A (V e >) which is 
not equal to a trivial strip must have boundary intersecting dU( 2 / 3 ) e under 
this identification since, otherwise, the disk would belong to Ai C]C] A(L), and 
would hence have vanishing dA-energy, contradicting the assumption that 
the disk is not a trivial strip. 

We assume the contrary. Suppose that there is a sequence > satisfying 
€i — > as i — > oo, such that there is a non-trivial solution Di 

(ai(s,t),Ui(s,t)): R x [0,1] ->■ A C R x Y 

inside A / f c;c;y i(V^J for each i, where s is the standard coordinate on the 
R-f actor, t is the standard coordinate on the [0, l]-factor, and where R x 
[0, 1] C C is endowed with the standard complex structure. Observe that 
Fdx(Di) — > as i — > oo according to Formula (15. ip . 
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Consider the path-space C°°(([0, 1], {0, 1}), (Y, Ls)) of paths with end- 
points on Ls- Fix a small enough neighborhood O of c C Y with the 
property that the only Reeb chord on Ls contained inside O is c, and 
that O n Ls = O n L. Take sufficiently small neighborhoods Ui, U 2 , U% C 
C°°(([0, 1],{0, 1}), (Y,Ls)) of the parametrized Reeb-chord c satisfying the 
following. 

• ceUxCU 2 cU 3 , 

• C/3 consists of paths contained inside O, 

• Ui = Bis(c) n C°°(([0, 1], {0,1}), (Y,L S )) for some 5 > 0, where 
Bis(c) C C 1 (([0, 1], {0, 1}), (y, L5)) denotes a ball of radius i(5 cen- 
tered at c with respect to some choice of uniform C -norm. 

Using the asymptotical properties of J-holomorphic curves in symplecti- 
zations (see [HWZ]), and the assumption that D{ is not a trivial strip, for 
each solution Di we can select some s, 3> for which u(si, •) 6 C/2 \ C^i and 
u(s, •) G C/2 when s > Sj. 

A standard argument implies that no bubbling can occur inside the neigh- 
borhood KxO. Hence, there are choices of numbers bi for which the sequence 

(ai(s - Si,t) - bi, Ui (s - Si,t)): [0, +00) X [0, 1] ->■ A C R X Y 

of J-holomorphic strips converges to a J-holomorphic strip 

(a 00 (s,t),« 00 (s,t)): [0,+oo) x [0, 1] -> A C R x Y 

of finite energy being asymptotic to c as s — > +00. It follows that «oo(0, •) ^ 
J7i by construction, which contradicts the fact that the JA-energy of the 
limit vanishes. □ 

6. The case of infinitely many Reeb chords on the handle 

In the case when infinitely many Reeb chords are present, one has to 
handle the situation by applying Theorem 11.41 restricted to the Reeb chords 
below each finite action level, and then taking direct limits. 

We construct a sequence 

of exact Lagrangian cobordisms, where 

e := e > ei > e 2 > e 3 > . . . > 0, e, -)• 0, 

and 

< E < Ei < E 2 < E 3 < . . . , Ei ->• 00, 

such that each V ei satisfies the results in Section [5] for the Reeb chords of 
action less than Ei and some choice of cylindrical almost complex structure 
J. 

More precisely, we may assume that the following holds. Below the action 
level Ei, the Reeb chords on Ls )€t correspond to the Reeb chords on L to- 
gether with the Reeb chord c new , where we define Lg M to be the Legendrian 
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at the positive end of V ti . Moreover, there is a DGA-isomorphism 

(A(Ls t€i ) E \di) -> (.4(L,S)^,«9 W ) 

such that the DGA-morphism 

d>,: (^(Ls^)^, <9j) — >■ (A(L) Ei ,di) 

induced by V ei satisfies the property that $jO^ _1 corresponds to the quotient 
projection 

(A(L,S) E %d s , N , i )^(A(L,S) Ei /(s),d s ,N,i). 
We may assume that Jj and Jj agree in some neighborhood of the handle. 
Moreover, we can assume that Jj and Jj+i are close enough, so that 

9s,N,i+l\^(L,S) E i =9 S,N,i 

and 

9i+l\A(L) E i = 9i- 

Namely, if Jj+i is a small enough perturbation of Jj, we may assume that 
there is a bijective correspondence of the solutions which are transversely 
cut out before the perturbation with the corresponding solutions after the 
perturbation. 

In this way, we obtain an almost complex structure Jx, defining the DGA 
(A(L), d), which thus has a filtration 

... C (A(L) E \di) C (A(L) E ^\d i+1 ) c ... C (A(L),d). 

There exists invertible exact Lagrangian cobordisms from Lg^ i+1 to Ls, ei 
which can be constructed out of a part of 

y £i n(iog(i),+oo) xY. 

These cobordisms induce DGA quasi-isomorphisms 

on: (A(L Si£i ),di) -> (A(L s ,e i+1 ),d i+ i) 

by the results in |Ekh2j (also, see Section 12. 5ft . After passing to a sub- 
sequence of £j, and after constructing the cobordisms with some care, the 
induced maps a» can be made to satisfy the following property. 

Lemma 6.1. // E 4 =o( e *) 1/3 < then we may assume that the maps on 
above have the property that for any x £ A(Lg }€i ) E and M S %>o, 

a i+M o a i+M -i ° • • • <Xi(x) £ A(Ls t€i+M+1 ) , 
where C > 1 is a constant independent of x, M and E. 

Proof. We may assume that the exact Lagrangian cobordism inducing ctj is 
cylindrical outside of the set 

(log(l),log(l + (e i ) 1 / 3 )) x Y. 

Applying [Ekh2, Lemma B.3], or alternatively, arguing as in the derivation 
of Formula (15. ip . it follows that a pseudo-holomorphic disk D with a positive 
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puncture asymptotic to a and negative punctures asymptotic to b± , . . . , b m 
in the same cobordism satisfy 

m 

< E dX {D) < (1 + 2(e,) 1/3 )^(a) - 

i=i 

and consequently 

£(bi) < (l + 2(e t ) 1 / 3 )e(a). 

This implies that 

^(L W ) (1+2(e<)1/S)/(a) 
holds for a generator a G A(Ls :€i ), from which the claim follows by induction. 

□ 

Using the above lemma it follows that, after possibly passing to a subse- 
quence of ei, we may suppose that the maps cc, induce DGA-morphisms 

a,: (A(Ls, ei ) Ei A) (i(L Si£ , +1 )^Sa !+1 ). 

We define (-4(L 5 ),5) := (^(L s , eo ), «9 )- 

Lemma 6.2. 

hm iT^L^.)^) ~ if(.A(L s ),0). 

i— s-oo 

Proof. This follows by studying the commutative diagram of DGA-morphisms 

.A(Ls, ei )^^A(L s , ei+1 ) 



• • • A(L s , ei ) E * A(L s , ei+1 

and observing that on the homology level the above sequence consists of 
isomorphisms. 

By taking direct limits of the two sequences, we get an inclusion 
lim H(A(Ls, ei ) Ei ,di) lim H(A(L s , ei ),d l ) ~ H(A(L s ),d). 

To see that this map is surjective, we observe that every fixed element 
y G H(A(Ls :<i0 ), do) is represented by an element x G A(Ls, eo ) E for some 
E > 0. Hence, by the previous lemma, there is a C > such that 

aj o a;_i o . . . o a (x) G ^(L 5iei+1 ) CB 

for all i > 0. It follows that y is represented by some element in „4(Ls )ei ) Ei 
for big enough i > 0. □ 



We now consider the sequence 

k -±A(L,S) E >^A(L, S) E ^ A 
where 
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and define 

(A(L,S),d S , N ) := lim (A(L,S) E ',d s , N ) 

i—t-oc 

as the direct limit of this sequence. 

Remark 6.3. One should expect that this limit is the same as the limit with 
respect to sequence of inclusion maps 

. . . c (A(L, S) E ' , d s , N ) c (A(L, S) E ^ , d s , N ) c. . . , 

since the maps in the definition of should stabilize below each fixed action 
level. However, we do not prove this. 

The maps 

<t> t : (A(Ls )€i ) Ei ,di) — >■ (A(L),d) 
induced by the exact Lagrangian cobordism V ei satisfy the equality 

= $ m o a t : H(A(L s , ei ,T H ) Ei A) ~> H(A(L),d) 
on homology level (see Section f2.5p . Hence, there is an induced map 
$: lim H(A(L s , €l ) E \di) -> H(A(L),d). 



Theorem 6.4. There is a DGA-isomorphism 
*: 

Moreover, the map 



*: lim (A(L s , tl ) E \di) -»• (A{L,S),d SiN ) 

i— >oo 



$: lim H(A(L s , ei ) E \di) -> ff(.A(L),0) 



induced by the exact Lagrangian cobordism V t has the property that 

^r 1 : H(A(L, S) Ei , d s , N ) -> 9) 
is induced by the quotient projection 

lim (A(L,Sf%d s , N ) -> lim (A(A5)/(s) Bi j a Sj j V ). 

Proof. The first claim follows by studying the commutative diagram 
... ^A(L s ,eJ ^A(L s ,e l+1 ) 1+1 



i+1 



iizV A(L,S) Ei ^(L, 5) J 



where /3j = VPj+i o Oj o vp. , and where all are isomorphisms of DGAs. 
For the other claims, recall that 

^ o vl/r 1 : (A(L, S) Ei , d s , N ) -»• G4(L) Ei , 9) 

corresponds to the quotient projection 

(^(L,5)^,9 5 ,at) -+ (A(L,S) E >/( s },ds, N ), 
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and that the equality 
*< o ^ l = 

= o a<) o tfr 1 = o ^r + \) o o a t o Err 1 ) 

= o *-\) o ^ 

holds on homology level. □ 

Corollary 6.5. If (A(Ls),d) has an augmentation, then so does the DGA 
linij^oo {A(Lg >ei ) Ei , di) a nd, in particular, so does (A(L, S),8s : n)- More- 
over, it follows that (A(L),d) has an augmentation as well. 

Proof. Suppose that (A(Ls),d) has an augmentation. It follows that the 
DGA 

(lim(A(L s , ei ) E %d t ) 
has an augmentation as well, since the set 

Aug ( lim (AiLs^fSdi 

of augmentations is the inverse limit of the sequence 



... <-i=i- Aug((A(Ls tei ) *,di)) ^ Aug{(A(L s ^ +1 )^\d l+l )) 

and since all of the sets in the sequence are finite and non-empty (that is, 
it satisfies a kind of Mittag-Leffier condition). 

The previous theorem immediately implies that (A(L, S), 8s,n) has an 
augmentation. In particular, for each i, the DGA (A(L, S) Ei , ds,N,i) has an 
augmentation, and hence, by Corollary 11.51 so does each 

(A(L) E \di) ~ (A(L,S) Ei /(s),d s ,N,i). 
It follows that there is a sequence 

...<- Aug((A(L) E > , di)) <- Aug((A(L) E ^ , <- . . . , 

in which all sets are finite and non-empty. Again, this implies that 

Aug(A(L),d) = Aug ( lim (A(L) Ei , d)) / 0. 

□ 

7. The case k = n — 1 

For (n — l)-surgeries on re-dimensional Legendrian submanifolds the sit- 
uation is completely different. Since every pseudo-holomorphic disk which 
has a boundary point mapping to R x S is tangent to exp Rx5 (Rv) of any 
given order at that point, it does not make sense to count these tangencies. 
We will modify the algebra to obtain results similar to Theorem 11.21 and 
11.41 but where we impose some additional algebraic relations by hand. In a 
forthcoming work we will show that the results in this section are sufficient 
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for providing formulas for the Linearized Legendrian contact homology of 
Ls in terms of data on L. 

We assume that S C L is a framed, and thus co-oriented, (n — l)-sphere, 
and consider the algebra 

A{L, S) := Z 2 (Q(L) U {s, t})/(st + 1, ts + 1), 

where 

1*1 = 1*1 = o. 

After perturbing S we may assume that all rigid (up to translation) pseudo- 
holomorphic disks in R x Y having boundary on R x L intersect R x S 
transversely. We also assume that there are no Reeb chords on S. 

We can now define a differential ds on A(L, S) by counting the same rigid 
disks as we do in the definition of the standard Legendrian contact homology 
DGA for L, but while keeping track of the boundary points intersecting S. 
More precisely, for any Reeb chord a £ Q(L) and any word of Reeb chords 
b = b\ ■ . . . ■ b m on L, we decompose the moduli spaces M a -b;A(L) satisfying 
dim.M a - h - A (L) = 1 into 

M a ;h;A{L) = |J A^a;b,w;A(£), 

weZ m + l 

where M- a ;b,w,A(L) consists of the subset of the disks in M. a -,b\A{L) whose 
boundary arc between the i:th and (i + l):th puncture, starting the count 
at the positive puncture, has intersection-number wi with 8x5. We now 
define 

d s (s) = 0, 

d s (a) := Yl \M a . h , w .AL)/R\s^b lS ^ s w ™b rn s w ™+\ 

dimA1 a,b;A(- L ) = 1 
wSZ m+l 

and extend the definition to all of A(L, S) using the Leibniz rule. 

Proposition 7.1. (A(L, S), ds) is a well-defined DGA, whose homotopy 
type is invariant under Legendrian isotopy. 

Proof. This follows by the standard proofs, after making the following ob- 
servation. In 1-dimensional families we generically see cancellations of inci- 
dence conditions on S. However, since we are counting the algebraic number 
of incidence conditions, canceling pairs of points do not contribute to this 
count. □ 

We now assume that there are ambient surgery data for S C L such that, 
moreover, there are no Reeb chords on L U Ds starting or ending on the 
bounding disk Ds- 

Remark 7.2. Observe that since Ds is Lagrangian, generically there are 
Reeb chords on L U Ds starting or ending on Ds- We can, however, make 
sure that the assumptions are satisfied after a Legendrian isotopy of L. 
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First, we may assume that there are no Reeb chords starting or ending in 
a neighborhood of the origin of Ds- Thus, after a Legendrian isotopy of 
L which radially contracts S along Ds, and which has support in a small 
enough neighborhood of Ds, we may assume that the corresponding radially 
contracted bounding disk has no Reeb chords. A Legendrian surgery on 
this small bounding disk again yields Ls- Of course, the former isotopy 
introduces new Reeb chords on L. 

By the construction in Section \3. 41 we get an exact Lagrangian cobordism 
V e from L to Lg, where Ls is the Legendrian submanifold obtained from 
L after ambient surgery along S. Let c new denote the new Reeb chord on 
Ls, and let S C V e denote the core disk of the handle attachment V e , as 
defined in Section EU Recall that S coincides with (— oo,— 1) x S outside 
of a compact subset. 

After changing S via a compactly supported perturbation, we may assume 
that every rigid pseudo-holomorphic disk in R x Y with boundary on V e 
intersects S transversely. 

Let A G Hi(V e ), a G Q(Ls) and b\ ■ . . . -b m be a word of Reeb chords on L. 
We decompose the moduli spaces M a -b;A(Ve) satisfying dim M a -b;A(Ve) = 
into 

M a ,b; A (Ve) = |J M a .,b,v,; A (V e ), 

wez m + 1 

where M. a] b,\v,A(V t ) consists of the subset of the disks in M-a^A^Ye) whose 
boundary arc between the z:th and (i + l):th puncture, starting the count 
at the positive puncture, has intersection-number Wi with S. 
We now define a DGA morphism 

(A(L s ),d)^(A(L,S),d s ) 

defined on the generators by 

*(a) = \M a .,b^A(Ve)\s Wl hs^ • . . . • s w ™b m s w ™+\ 

dim -^a,b;A(Vi) = 
w gZm+l 

and then extended to an algebra map. 
Proposition 7.3. The map 

(A(L s ),d)^(A(L,S),d s ) 

is a well defined injective DGA morphism. Furthermore, the DGA morphism 

$: (A(L s ),d)^(A(L),d) 

induced by the exact Lagrangian cobordism V e is surjective with kernel being 
the two-sided ideal (c new — 1). Finally, <3? is obtained by the composition of 
\E r with the quotient projection onto 

(A(L,S),d s )/(s-l)~(A(L),d). 
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Proof. The chain map property follows by a standard argument. 

To see the injectivity we proceed as follows. Consider the lift of ^ to a 
map 

A(L s )^Z 2 (Q(L)U{s,t}), 
and an extension of ^ to ^ to 

A{L s )*{t)^Z 2 {Q(L)u{s,t}), 

by setting = t. 

The disk counts in Lemma [5 . 5 1 and I57H shows that ^ is a tame isomorphism 
and that the pre-image of the ideal (st — 1, ts — 1) is (c new t — 1, tc new — 1). 
This implies that \P is injective. 

The same disk-count also shows that is surjective with kernel given by 

Cneui 1 ) • I— I 

Remark 7.4. There are circumstances when the above map will be an 
isomorphism onto the free subalgebra 

A(L, S) := Z 2 {Q(L) U {s}) C 5). 

For instance, under certain geometric conditions on the bounding disk Ds, 
one may conclude that holomorphic disks with boundary on L have bound- 
ary always intersecting 5 positively. 

8. The moduli space of pseudo-holomorphic disks with 
jet-constraints on the boundary 

Here we discuss the set-up of the moduli spaces, and sketch the transver- 
sality proofs. We use constructions from [EES3J . [Dra| and [ESj . and refer 
to those papers for functional-analytical details. 

In the following we suppose that we have an (n + l)-dimensional exact 
Lagrangian cobordism VctxY which coincides with the cylinders 

((-oo, —N) x L x ) U ((N, +oo) x L 2 ) 

outside of a compact set for some N 3> and where thus L%,L 2 C Y are 
Legendrian submanifolds. We assume that the Legendrian submanifolds L\ 
and L 2 are closed and chord generic. 

Fix a (/c+l)-dimensional submanifold S C V satisfying k+1 < n, together 
with a non-vanishing vector-field v along S which is normal to S inside V. 
We require both S and v to be M-invariant outside of a compact subset. 
Moreover, we require S to be disjoint from R x c outside some compact 
subset, where c is a Reeb chord on L 2 . 

8.0.1. A model for a conformal structure on the disk with boundary punc- 
tures. Let D := D \ {pq, . . . ,p m } denote the unit disk with m + 1 fixed 
boundary points removed. We call the puncture po special, and we suppose 
that p\ < . . . < p m with respect to the ordering of dD \ {po} induced by the 
orientation. 
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Let Crn+i denote the space of conformal structures on D, where two 
conformal structures are identified if they differ by an orientation-preserving 
diffeomorphism fixing the special puncture. This space is diffeomorphic to 
£ or m > 2 and to a point for m < 2. 

In the case m > 0, for every conformal structure c, we now construct a disk 
A-cm+i C C whose conformal structure induced by the complex structure is 
equivalent to c. 

Start with the set 

M x [0, 2m] C C 

and remove m — 1 slits of height 1 whose s-coordinates range from s, 6 R 
to +oo, where i = 1, m — 1, as shown in Figure El In this way, for 
some N S> 0, we obtain m strips on the right in A Cjm+ i which coincide with 
(N, +oo) x [i — 1, i] C C outside of a compact set, and one strip on the left 
which coincides with (-co, — N) x [0,2m] outside of a compact set. 

For every conformal structure c there are choices of Sj € R, i = 1, . . . , m— 1 
for which the conformal structure on the disk A C)m+ i C C induced by the 
complex structure is equivalent to c. Moreover, up to a translation s, i— >■ 
Sj + C for all i, the choices of Sj are unique with that property. 

For m > we fix a representative by a disk A Cjm+ i for each conformal 
structure c, such that the choice depends smoothly on c. We also fix an 
orientation-preserving conformal diffeomorphism 

fc- D -> A c , m+ i C C 

which maps the special puncture to the end at s = — oo. Furthermore, we 
require that the map f c depends smoothly on c. 



t 

2m 

c 

j 

( 



1 1 1 1 

Sm-l Si S2 

Figure 3. The model A Ci?n+ i of a conformal structure on 
the disk with m + 1 punctures. The strip on the left has 
height 2m, while the m strips on the right all have height 1. 
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8.1. The configuration space. In the following we fix capping paths for 
each Reeb-chord on both the positive and the negative Legendrian end of 
V. We also fix a cylindrical almost complex structure J. Let Us be a 
neighborhood of S C V which is cylindrical outside of a compact set and fix 
an embedding t of a neig hborhood of U s C R x Y into C^. (We will later 
make additional assumptions on this embedding.) 

Let a be a Reeb chord on the Legendrian submanifold at the positive 
end of V and b = b\ ■ . . . ■ b m a word of Reeb-chords on the Legendrian 
submanifold at the negative end of V. Let 

( w=(w 1 ,...,w m+1 ) G (Z> ) m+1 , 
< di, . . . , d m+ i € Z>o, 

{ 1 = ((/J, . . . ,11), . . . , . e (z ^ )dl x . . . x (Z> )^ +1 , 

be tuples satisfying 

(/i + i) + .. . + (z^ + 1) = Wi . 

In addition, we define 

d:=di + ... + dm+i. 
Finally, we let A G fTi(V; Z), and fix 7/ > 0. 

Recall that dD has a natural ordering as a subset of dD \ {po}. Let 

(9£>)f C (di>) dl x ... x (dD) dm+l 

be the open and connected set consisting of tuples 

((el,...,e dl ),...,(er\...,e^ + \)) 

satisfying the property that Oj are increasing with respect to the lexico- 
graphic order on (i, j) and, moreover, satisfies pi < 9 l - < Pi+\. Here we set 
Pm+i := Po- 

In other words, (dD)f consists of a d-tuple of points in dD which come in 
increasing order (relative the order on dD\{po} induced by the orientation) 
and such that there are precisely di points on the oriented arc of dD having 
starting point pi. 

We are interested in the configuration space 

hH^aWSiJ) C W% 2 c ((D,dD),(R x Y,V)) x C m+l x (dD)f x (U s ) d , 

consisting of tuples (g,c, (6>*), (s^)) satisfying the following conditions. 

The boundary condition. The map g : (D, dD) — > (R x Y, V) takes 
the boundary into V and is locally in the Sobolev space W 2 ' 2 consisting of 
maps which are twice weakly differentiable and having differentials in L 2 . 
This implies that g is continuous up to the boundary. 

The point constraints. We require that g(0j) = s^. 

The asymptotical properties. The conformal structure con D induces 
a conformal structure d on the disk 

D:=D\ U{0}} 
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having m + l + d boundary punctures. In the case m + d > 0, we identify this 
disk with the standard model A c / ]JTt+ i + d using f c > as defined above. Observe 
that this model has m + 1 strips corresponding to punctures from c, and 
d strips corresponding to punctures at 6>*-. We let (s,t) be coordinates on 
A r , 

,m+i+d) as shown in Figure El 

The asymptotics at the punctures pi. By Darboux's theorem we may 
take contact-form preserving charts in Y around each of the Reeb chords 
a, bx, . . . , b m C Y on the form ((T*K")xl, dz—^2 i pidqi). By the assumption 
of chord genericity, the two branches of Lj at the endpoints of a Reeb chord 
intersect transversely when projected to T*M n . 

For a Reeb chord b CY, we let 

p b : [0,e(c)]->b 

be its parametrization defined by p\ = R Pb - We require that there are 
constants Co, . . . ,C m 6 K such that, relative the above coordinate charts 
and translations of the symplectization coordinate determined by the Cj, the 
map g has the following asymptotic behavior. Along the strip corresponding 
to the special puncture, we require the map g = (<7r>5y) to satisfy 

.•*(.M-f + ^ M -»(^))^, 

and along the strip corresponding to the i:th non-special puncture, we re- 
quire the map g = (gM.,gy) to satisfy 

e m (gm(s, t) - t{h)s + Ci,g Y (s, t) - p bi (^)(1 - *))) G W 2 ' 2 . 

The asymptotics at the points {6j}- Along the strip of &. c ',m+i+d corre- 
sponding to the boundary point 0j, we require that the map g satisfies 

e H+") s ( t ( ff ( S) t))- t ( s j)) e w 2 ' 2 . 

The homology class. Consider the compactification V of V obtained 
by adding a copy of its Legendrian positive and negative end at ±oo, respec- 
tively. The map g\gf, extends to a union of continuous paths on V. Concate- 
nating these paths with the appropriate capping paths of the Reeb chords 
on the respective Legendrian ends closes up the boundary of the disk. We 
require the obtained cycle to be in homology class A £ Hi(V; Z) ~ H\(V, Z). 

J-holomorphicity along the boundary. Let 

Ojg = dg+Jdgoi£ y\;^,n (T* ' 1 D $ g*T(R x Y)) 

denote the Cauchy-Riemann operator with respect to the almost complex 
structure J on R x Y and the complex structure i on D determined by c. 
The map g is then required to be J-holomorphic along the boundary in the 
following distributional sense: 

/ (djg,f)=0, 

JdD 



LEGENDRIAN AMBIENT SURGERY AND LEGENDRIAN CONTACT HOMOLOGY 51 

for all continuous sections / of the bundle 

T*°^(D) ® g*(T{R x Y))\ gi} -> dD. 

The space w -i-a(Yi &'■> J) has the structure of a Banach manifold. For 
more details, we refer to [EES3j . 

8.2. The fiber-bundle structure of the configuration space. The nat- 
ural projection 

K%,^i;A^S;J)^(dD)f x(U s ) d 

gives the Banach manifold H^ W , M (V, S; J) the structure of the total-space 
of a fiber-bundle. To construct local trivializations, we proceed as in [ESI 
§4.4]. 

The problem that one has to take care of is to translate the disks in a 
given fibre to disks in the nearby fibers, while keeping the holomorphicity 
along the boundary. Consider the fiber over 6 (dD)f x (Us) d - For 

(6j, sj) close enough to (0!-, s*) we have to construct a compactly supported 
diffeomorphism 

depending smoothly on (sj) and satisfying 

(1) ^ } (4) = 4 

(2) ^(V) = V. 

(3) '(/'(s' 1 ) i s -/-holomorphic along V. 

For the construction of iprgii s h\ we refer to [ES| where such a map is con- 
structing by using linear translations and cut-off functions which are J- 
holomorphic along V. 

We also have to construct diffeomorphisms 



depending smoothly on 6j and satisfying 

(2) ^(31)) = 3D. 

(3) v 7 ^'.*) i s holomorphic along clD. 

(4) ^(e'.n is holomorphic in a neighborhood of {#*•} C 9-D. 

(5) y^/i) = idp outside of a compact set. 

We can now translate the fiber over (0j,s*) to the fiber over (9'j,sJ) by 
simply mapping g (->• -0( s 'i) y(0'.*)- 
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8.3. The d-operator. We let 

f 'o;b,w;l;A(^ S 'i J ) ~^ ^ajb,w;l;A(^ S > J )> 

denote the fiber bundle whose fiber above (g, c, (&)), consists of sections 
T of the bundle 

T*°'\D) <g> g*(T(R x Y)) -> I), 

such that r is in the Sobolev space W 1,2 ' v with one derivative and posi- 
tive weights at punctures po , . . . , p m defined analogously as for the spaces 

Moreover, we require that T satisfies the following vanishing conditions 
at the points 0*-. The embedding i of a neighborhood of Us C K x Y into 
induces a push-forward map 

: T* 0,1 i) (8) 5*(T(i? x F)) -> T* 0,1 I) (8) 

defined at the points in D which are mapped into this neighborhood of Us 
by g. We require V to satisfy 

e H+^(^(r( s ,t))) ew 2 ' 1 

along the infinite strip in A c ,m+i+d corresponding to the point Q l - G dD. 
Finally, we require that T vanishes along the boundary in sense that 



(r,/) = o, 

1 3D 

for all continuous sections / of the bundle 

T* 0,1 (D) ® g*{T(R x Y))\ db -> dD. 

The operator 

d(g) = dg + J o dg oi 

acts on functions from a Riemann-surface into M. x y. In our setting it 
extends to a section 

That this operator is Fredholm for rj > small enough follows from the 
results in |EES3j . 

We define the moduli space 

M a , h]A {V) ■■= d'\0) C Hg j0 . M (V, 5; J). 

8.4. A holomorphic neighborhood of S 1 . For the following constructions 
we have to make additional assumptions on the almost complex structure. 
We will assume that J is an almost complex structure on the symplectization 
1x7 which is compatible with the symplectic form, cylindrical outside of 
a compact set, and which satisfies the following conditions. Every point 
of S should have a neighborhood in M x Y which is biholomorphic to a 
neighborhood of the origin of 

C n+1 ~T*(R k xRxR n - k - 1 ) 
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endowed with the standard complex structure such that, moreover, the fol- 
lowing real-analyticity conditions for V, S and v are fulfilled: 

• The zero-section is identified with V . 

• The subset R k+1 x {0} of the zero-section is identified with S. 

• The vector field v is identified with the coordinate vector-field cor- 
responding to the (k + 2):th M-factor of the zero-section. 

Observe that in the case when, V = R x L, S = R x T, and v all are 
M-invariant, there always is such a cylindrical almost complex structure on 
R x Y. In the non-cylindrical case, one may have to drop the requirement 
of M-invariance to guarantee the existence. 

We fix a neighborhood Us of S C V which can be covered by charts 
of the above form. Using the Whitney embedding theorem for analytic 
manifolds, we can find an analytic embedding l: Us ^ R N . Moreover, 
there is an analytic retract r : N(Us) — >• Us from a tubular neighborhood 
of l(U s ) C R n . 

Observe that the above analytic embedding i: Us R N extends to a 
holomorphic embedding of a neig hborhood of U s C R x Y into C N and 
that the retract r is extended to a holomorphic retract onto the image of 
this embedding. By abuse of notation, we will use i and r to denote the 
extensions of the embedding and retract, respectively, as well. 

In this case, we will assume that the embedding i in the construction of 
^'bwl'i^^i J) coincides with the above holomorphic embedding. More- 
over, we will assume that the map ^(s'j) constructed in Section [8.21 is holo- 
morphic in a neighborhood of {sU C E x Y. 

8.5. The configuration space with jet conditions. Let J l (dD,X) be 
the space of /-jets of maps dD — > X into a smooth manifold X. This is 
a smooth fiber-bundle with base dD x X whose fiber above (0,x) consists 
of equivalence classes of germs of smooth maps / : dD — > X satisfying 
f(9) = x, where two germs are considered to be equivalent if their Taylor 
expansions agree up to order I at 6. We have an identification 

J l (dD,X) ~8Dx ( TX . . . TX) -> dD x X. 

i 

Denote 

Ji := J r i (dD, U s )x . . . x J% (dD, Us), i = 1, . . . , m + 1 

and consider the the bundle 

p: J 1 := Ji x . . . x J m +i\ {d D)f x{Us r ( d ^)\ x ( U s) d - 

obtained by restriction. 

The configuration space with jet conditions consists of the pullback bundle 
7r* J , where we recall that 

K%^l;A(V,S;J)^(dD)fxUl 
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is a fiber bundle in itself. This space will be denoted by 

^.w:,: ^'- S; J) := vrV 1 5; J). 

Observe that ^.'^.^(^S; </) is naturally a bundle over (dt>)f x (C/s) d as 
well. 

A point in aJg )W;1 . A (V, 5; J) is described by a tuple (<?, c, (0j), (aj)> ($})) 
where c is a conformal structure on D, g is a map D — > M. X Y, € 91), 
<7(0j) = G f/s, and are Zj-jets of germs of smooth functions <9Z) — > Us 
mapping l - to s 1 -. 

8.6. Parameterizing maps by jet conditions. Define 
w:= (d 1 ,...,d m+1 )e (Z> ) m+1 , 
T:= ((0,...,0),...,(0,...,0)) eZ* x ... xZ5s +1 , 

and observe that there is an inclusion 

Lemma 8.1. There is a smooth map 



= ^;i;^5;J)^W^. Sil (V,5;J), 

( 5 , c ,(^),(4),(4))^(5,c,(^),(4)), 



o/ bundles over (dD)f x (Us) d which has the property that 

(1) TTte restriction of * to ZTte zero-section 

^,w W (^; J )c$, w;1;A (^;J) 

is i/te inclusion map T-LjL ..^(V,^ J) C 'H 2 ''' _ ~ (V, S; J). 

(2) TTte Z* -jei o/g 9j is equal to g 1 -. 

(3) Let l be the holomorphic embedding of a neighborhood of Us into C N . 
The difference d(i o g — i o g) has compact support in D\ {Oj}- 

(4) The differential D^(d g i), where d g % is a variation of the germ g l j, 

is a section over D which is J -holomorphic outside of a relatively 
compact set in D\ {Oj}. 

Proof We fix a point (g, c, (6**), (s*-), To define 

it suffices to specify the map g : D-fRxY. 

By assumption, we can choose a locally finite open cover {U^} of Us C 
V by Euclidean analytic neighborhoods obtained from intersections Ui = 
U^CiUs, where Uk is an Euclidean holomorphic neighborhood inside RxF 
for which Us, S and v satisfy real-analyticity conditions. Also, we fix a 
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partition of unity {cftk : Uk —> R} subordinate to {Uk}, which thus restricts 
to a partition of unity subordinate to {Uk}- 

For each Q l - we do the following construction. We conformally identify D 
with the unit disk endowed with the standard complex structure which we, in 
turn, holomorphically identify with the upper half-plane {z = (x,y), y > 0} 
via the map 

D z 3 -i- 



. i6 l 

z + e j 



The coordinate function x on the upper half-plane thus becomes an induced 
analytic coordinate on dD under which Q l - corresponds to 0. 

Pick a representative of the ij-jet gj given by a function g l - k : R — >• Us 
which is defined uniquely by the requirement that it is given by a polynomial 
of degree at most l l - in the analytic coordinate x relative the fixed analytic 
chart on U\~. 

Recall that there is an analytic embedding i of U$ into R , together with 
a retract r onto i{Us)- Now consider the real analytic function 

%{x) :=r f2>*(4)( to 4*(*))J 

which is defined in a neighborhood of 0j G dD and which has germ g 1 -. The 
function Tj 1 - depends smoothly on (c, (0*-), (s*), (5*)). 

Observe that we can extend g l j to a unique holomorphic function defined 
on some neighborhood of the origin in the upper half-plane having image in 
Rx Y. 

Conformally identify D\U{9j} with A c / im+ i + d as in Section [87T1 Let (s, t) 
be coordinates on A c / im+1+ d as shown in Figure [3j 

We let Oj > be a real number depending smoothly on (g, c, (#*■), (s* ), (g l j)) 
such that the map g l j, defined on the boundary of the strip in A c / m+1+ ^ cor- 
responding to 6p extends to a holomorphic function defined for s > a*- on 
that strip. 

We fix smooth cut-off functions a*-(s,i) defined on the infinite strip in 
m+i+d corresponding to which satisfy 



a)(s,t) 



0, s < 

1, s>0, 



and which are holomorphic on the boundary of the respective strip. 

There is an real-analytic exponential map exp : TUs —> Us, defined using 
a real-analytic metric, which extends to a holomorphic exponential map 
defined on some neighborhood of the zero-section of C (8> TUs- 

On the strip corresponding to we now define g(s,t) by 

g(s,t) := exp s » ^expj l 1 (5(s,t)) + a){s - a), t)(expj l 1 (^ (s, t)) \ , 
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which is well-defined given that a* 3> is big enough. Finally, we extend g 
by g to the rest of A c / jm +i+d. 

By composition we get a map 



G:=dom: g% >w . M (V, S; J) -> ^-^(V, 5; J). 
Lemma 8.2. The map G has image in 



Moreover, 

g ■■ Q 2 a l^ A {^ s ' J ) -> <b, w ,i;A(^ ^; -0 

/ias the property that the image of the linearized operator D^ g c ^ ^ ( g i))G 
at the point (g,c, (01), (s*-), (<?})) is a compact perturbation of the Fredholm 
operator ^(^(fl*.),^*.))^ at the point (g,c, (Oj), (s*-)), where 

9-- K%^y,s-,j)^£^ A (v,s-j). 

In particular, G is Fredholm as well. 

Proof Consider the point (g, c, (6}), (s)), G G^.^V, S; J), and let 

*( 5j c,(^),(4),(^)) = (5,c,(^),(4)). 

By part (3) of Lemma [H7T| it follows that the sections L*(3fg) and L*(dg) 
m T* 0,1 D <g> C^, which are defined in a neigbhourhood of the points {Oj}, 
satisfy 

i*(dg) = L*(dg) 

in some neighborhood of 9 1 -. Since dg G £ a .'k w i-aC^ * ne same is true 

for Sg. 

The second statement follows by part (3) of Lemma 18.11 as well, since 
g and g coincide outside of some neighborhood of {Oj}, and since we may 
assume that 

i<*(dg) = L*(dg) + da 
holds inside this neighborhood, where a(g, c, (Oj), ( s )), (ffj)) is a smooth de- 
valued function which is holomorphic outside of a compact subset of D. □ 



Define 



M a . h . A (V) Us C M a . h . A (V) x (db)f 



to be the open submanifold consisting of points (g, (Oj)) for which g(O l j) G 
U s . 

Proposition 8.3. Suppose that M a -b;A(V) is transversely cut out. The 
map 

* : Cw;l;A(^ S; J) -+ % 2 ^~ A (V, S; J) 



LEGENDRIAN AMBIENT SURGERY AND LEGENDRIAN CONTACT HOMOLOGY 57 

can be constructed so that the restriction 

*Ig-i(o)= G-\0)^M a . h . A (V)u s , 
(g,c,(9}),(g(e i j )),(g}))^(g,e i j ). 

is a diffeomorphism. 

Proof. Consider the cut-off functions otj(s — aj,t) which are defined in the 
proof of Lemma 18.11 These are defined on the infinite strips of the disk 

A c ',m+l+d 

corresponding to the points and are used in the construction of The 
translations o* of the s-coordinates of these cut-off functions depend on the 
point in Q^JL w -i- A (V, S; J). The statement of the proposition will follow after 
choosing a*- with some care. 

Fix a conformal structure d on the (m + 1 + d)-punctured disk. Consider 
the set 

C d C M a , h , A (V) x {db) d x 

consisting of points (g, (&})) for which the induced conformal structure on 
D \ {9j} is equal to d. By the compactness theorem in [BEH + | . this is a 
compact subset, since no bubbling can occur without changing the conformal 
structure. 

The compactness of C c i implies that the map sending 

(9,(0})) £C d nM aMA (y) Us 

to the £j-jet of g at #j has a precompact image K c i C J 1 . 

For each fixed conformal structure cq and c' , we may now choose a*- in 
the construction of ^ to be constant on the set consisting of points 

(g,c,(6)),( g (e))),(g)))Gg 2 ^ A (V,S-,J) 

satisfying the following properties, where e > is some small number which 
is allowed to depend on c and c' . 

• c = c 

• The induced conformal structure on D \ {#*•} is d . 

• (<?, (Oj)) is uniformly e-close to C<j. 

• (<?;•) g K d . 

We can moreover assume that g constructed using these functions a*- is 
uniformly e-close to g. 

With a} satisfying the above properties the statement follows. We give 
the proof for injectivity. Suppose that 

c, (9% (g(e))), (g})) = *(</, d, (6p, (g(ej)), (gf)) G M a , h]A (V) Us . 
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Clearly, the points must satisfy 

' c = d, 

< sy.= g(9i)) = (g(9f)), 
, 9 = 9'- 

Moreover, both (g, (#!•)) and (g', (9j)) are uniformly e-close to C c >. By con- 
struction, it now follows that 

exp" 1 (5) - exp" 1 (5) = exp" 1 ^') - exp" 1 ^'), 

3 3 3 3 

and hence that g = g' . Here exp is the holomorphic extension of the expo- 
nential map, as in the proof of Lemma 18. 11 Surjectivity follows by a similar 
argument. 

We leave out the proof that the restriction 1 I / |g- 1 (o) i s a diffeomorphism. 

□ 

8.7. The definition of the general moduli spaces. Let 

z l,x C p~ l {{db)f x S d ) C J 1 

be the manifold with corners defined by the property that Z\ v consists of 
tuples of germs 

II 1 1 \ / m+1 m+1 \ \ 

{{9i,---,9d 1 ),---,(9i 5 --->5 rfm+1 )), 

where g l j is the lj-jet of the germ of a map dD — > Us which is tangent of 
order l % - to 

exp s (lRv) 

such that, in the case lj > 0, the tangent of the germ has a non-negative 
component in the v-direction. Here, exp is defined using some choice of 
metric on V. 

We define Z\ v to be the boundary of Z\ v . This is a subvariety of Z\ v 
with the additional constraint that there is least one index (i,j) for which 
lj > and whose corresponding germ g^ is tangent to S. 

One can check that Z\ ^ is a submanifold of codimension 

m+1 m+1 di 

i=l i=l j=l 

with corners and that Z\ v C Z\ v is a subvariety of codimension 1. 
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Recall that we have the following pull-back diagram of vector-bundles. 
z^n nr a. T^ f rl 



^S,w;1;a(^ S ; J ) — (^)i x ( U s) d 
In the following, we will denote the induced natural bundle map by 



We start by defining the moduli spaces 

^b.wi^S.v) := (G,ev l )-H{0) * ^i,v), 
M:^. M (V,S,v) := (CevY'm x Z,, v ). 

Observe that in the generic situation Proposition 18.31 implies that the 
solutions in M. a ;b,w,l;A(V, S, v) are in bijection with J-holomorphic maps 
D — > R x Y having boundary on V in the specified homology class, punctures 
at the Reeb chords a, b±, . . . , b m and Zj-fold tangencies to exp 5 (Mv) at points 

9'j E dD mapping to S, such that the tangent of the germ g l - has non-negative 
component in the v-direction in the case E > 0. 

The space ^^bfwTA^' '-'> v ) consists of solutions as above, but with the 
additional constraint that the differential along the boundary vanishes in 
the direction v at some point mapping to S and satisfying > 0. 

Finally, we define the full moduli spaces 

M a ;b^;A(y, S, V) := {jM a ;h, W ;l;A{V,S,v), 
1 

M:Z%.JV,S,V) := {JM^ a (V,S, V) C -M a;b , w;A (V,S,v), 
1 

consisting of the union of the moduli spaces for all possible choices of tuples 
di, ■ ■ ■ , d m+ i G Z>o, 

1 = ((/{, . . . , ijj, . . . , • • • , O) e x • • • x ( z *>) 

for which 

ai + i)+... + (zi i +i)=«; i . 

Again, Proposition 18.31 implies that there is an inclusion 
M a , h ^. A (V,S,v) c M a . h , A (V) x (di>)l 
in the case when M a -b-,A(y) is transversely cut out. 



m+1 
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8.8. The expected dimension of the moduli spaces. In this section 
we will show that the dimension formulas 

m+l 

dim.A/f a; b,w;A(y, S, v) = \a\ - |&i| - ... - \b m \ - \s\ Wi + fi(A), 

i=l 
m+l 

dimM s a ^ 9 w . A (V,S, v) < |a| - |&i| - ... - |6 m | - |s| ^ Wi + z^A), 

i=l 

hold in the case whenever the respective solution spaces are transversely cut 
out, and when the weight r/ > is chosen small enough. 
The linearized 9-operator restricted to a fiber of 

^S,w;1;a(^ S; J) (0£>)f x (U s ) d 

is the Cauchy-Riemann operator on a weighted Sobolev space, with weights 
at the punctures {pi} U {#*•} C dD depending on 7] > as specified in 
Section 18. 1L For rj > small enough, it follows from the results in [EES3J 
that the index of this operator, after disregarding variations corresponding 
to conformal reparameterizations, is given by 

(m+l m+l di \ 

i=i t=i j=i y 

It follows that the linearized 9-operator on H^^fV, 5; J) has index 

m+l m+l di 

I := \a\ - \h\ - . . . - \b m \ + n{A) + J2 di ~( n+1 )J2Jl li v 

i=l i=l j=l 

after disregarding variations corresponding to conformal reparameteriza- 
tions, since the dimension of the base is (n + 2) Y^i=i d i- 
Observe that the fiber F of the bundle 

S5,w;1;a(^;J) ^n 2 a >l^ A (V,S;J) 

satisfies 

m+l di 

dimF= (n + 1) Yj li r 

i=l j=i 

Since 

and since Lemma [8 . 1 1 implies that G = d when restricted to the zero-section 
^o'bwM^'^) ^ Swl'A^^i^ ^ f° nows that the linearization of 
the Fredholm map 

G = d o * : Sjg^CV, 5; J) -+ ^^(V, 5; J) 
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has index 

m+1 

I + dimF = \a\-\h\- ...-\b m \+n(A) + ^2di. 

i=i 

Recall that the codimension of Z\ v inside J 1 is 

m+1 m+1 di 

{n-k)Y J d l + (n-k-l)Y,Y.Vy 

i=i i=i j=i 

The expected dimension of M. a ;b,w,A(V, S, v) is thus 

m+1 m+1 di 

I + dimF-(n-k)J2di-(n-k-l)Y,J2 ^ 

i=i i=i j=i 

(m+1 m+1 di 

Y (li • Y Y 

t=i i=i j=i 

m+1 di 

= \a\-\h\- \b m \ + fi(A) -( n -k-l)J2 YM + l ) 

i=l j=l 
m+1 

= \a\-\bi\- ... - \b m \ + n(A) — (n — k — 1) Wj. 

i=l 

Similarly, since the codimension of Zi jV is 1 inside ^i iV) we conclude that 
the expected dimension of M- a ;b,w,A{V, S,v) sm9 is given by 

m+1 

| ot | — | foi | — ... — \b m \ + fi(A) — (n — k — 1) } y Wi — 1. 

i=l 

8.9. Transversality and compactness. Observe that even in the cases 
when the moduli spaces A^ a; b,w;l;A(K v ) an are smooth, more work is 
needed to get a smooth structure on the full moduli spaces M. a ;b,w,A(V, S, v) 
in the case when the dimension is greater than zero. Namely, in this case 
the different spaces M. a -b,w,l;A(Y, S, v) have to be glued together along the 
codimension-1 strata •M.^f w . l . A (V, S, v). 

We will start by showing that the moduli spaces M a ;h,w,i;A(V, S, v) can 
be made smooth by perturbing the almost complex structure J chosen in 
Section [52 



Proposition 8.4. Any almost complex structure J onW xY satisfying the 
properties in Section \8.4\ can be perturbed outside of a neighborhood of S so 
that the corresponding moduli spaces 

and 

M±L,.AV,S,V) C M fli b,w;l;A(V,S,v) 
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become transversely cut out manifolds of the expected dimensions. We call 
such a choice of J regular. 

Proof of Proposition \8.4\ Let J denote the space of almost complex struc- 
tures onlxF which coincide with some fixed almost complex structure in 
a neighborhood of S C R x Y and, moreover, satisfy the properties stated 
in Section 18.41 in this neighborhood. 

Along the lines of the transversality proof in [EES3] , we define the con- 
figuration spaces 

Kl'l^A^S) := [J K%^ A (V,S;J)^J, 

Cb,w;l ; ^S) := |J g ]WW (^;J)4j, 

JeJ 

which are fiber-bundles over the base J . Furthermore, the maps \E' and ev 1 
lift to maps 

w 1 -- GI^a(V,S)^J\ 
and the 3-operator lifts to a section 

of the fiber-bundle 

^a;b,w;l;A(^' ~^ ^a;b,w;l;A(^> 

By the results in |EES3j and |Draj one deduces that the above <9-operator 
is submersive. Furthermore, the variations of the almost complex structure 
needed for submersivity may be taken to have support in a neighborhood of 
[N, +oo) x a, for iV S> 0, where the Reeb chord a is the positive asymptotic 
of the disk. Recall that, by assumption, we can choose N 3> such that 
[N, +oo) x a is disjoint from some neighborhood of S C R x Y. 

Without loss of generality we can assume that the almost complex struc- 
tures under consideration are already regular for the moduli spaces M. a ;h;A(V), 
and hence that Proposition 18.31 applies for J G J . 

Consider a solution 

u-.= (g,c,(e%(s%^),j)eg% iVr . 1 . A (v,s) 

to the equation 

G{u) :=9o$(?i) = 0. 

First of all, the map 

ev l : G 2 al w ., hA (V,S)^J l 
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is obviously a submersion. Furthermore, the linearization D u d is surjective 
when restricted to variations along the fiber of 

wSUmM S) (dD)f x (U s ) d 

while keeping the conformal structure fixed (see the proof of Lemma 4.5 in 
[EES3] ) . Lemma |8. II and the form of ^> near G~ 1 (0) specified by the proof 
of Proposition 18.31 now imply that 

D U (G, ev 1 ) 

surjective as well. 

Using the Sard-Smale theorem, we conclude that there is a Baire subset 
of compatible almost complex structures J G J for which 

(G, ev 1 ) : ^;::. w:l: ,i\- S; J) -+ £^. A {V, S; J) x J 1 

is transverse to the two subvarieties 

{0}xZ 1)V c^ )W . 1;A (V,S;J)x J\ 

M x |vC$ |Wil .#,S;J)xj'. 

□ 

We now prove some transversality results for the full moduli spaces in the 
rigid case. 

Proposition 8.5. Assume that 

dimM a . b , w;A (V,S,v) = 0. 

For any regular choice of almost complex structure we have 

= K£%. A (V, S, v) c M a;h , w . A (V, S, v). 

That is, a space -M a; b,w;A(U, S, v) of expected dimension consists of disks 
having no tangency to S. 
Finally, the natural map 

M a , htW . A (V,S,v) ^ M a , h . A (V) 

is injective, and its image is finite. 

Proposition 8.6. Let 1^ = K x I, S = R X T, and let v be an M-invariant 
vector field. Assume that 

dim.M a; b,w;A(K x L,R x T,v) = 1. 

For any regular almost complex structure we have 

= M$g w;A (R x L,R x T, v) C M a;h , w . A (R xi.lx T, v). 

That is, a space M. a ;b,w,A(R x!,lxT,v) of expected dimension 1 consists 
of disks having no tangency to R x T . 
Finally, the natural map 

-A/la;b,w;A(R x L, R x S, v) /R -»• X a;b ;A(R x L)/R 
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is injective, and its image is finite. 

Proof of Proposition \8.5\ and \8.6l We show Proposition l8.51 The M-invariant 
case, i.e. Proposition 18.61 follows in the same manner. To that end, observe 
that in the R-invariant case, the variations of the complex structure in 18.41 
may all be taken to be cylindrical. 
The statement 

® = K%%.jV,S,v)cM a ^ A (V,S,v) 
follows immediately from Proposition 18.41 since 

^^Sr/. 5 ^) < dhnM a . h ^ A (V,S,v) = 0. 
To see that the map 

M a;b,w;A 

is an injection, we argue as follows. Suppose that two different configurations 
in Ma : b,w,A(V, S, v) arise from the same pseudo-holomorphic map g : D —¥ 
1x7. Then, g can be interpreted as a solution in 

M a . h ^. A {V,S, v) 

for some w' satisfying 

w[ + ... + w' m+1 > w 1 + ... + w m+1 . 

But since k + 1 < n, the dimension- formula immediately gives 

dimM a;hjW '- A (V, S, v) < dhnM a ;b,w,A(V, S,v) = 0, 

which contradicts Proposition 18.41 

It remains to show the compactness of 

M a ., hyW . A (V,S,v) CM a;h . A (V). 

Since A^ a; b,w;.4(^ 5*, v) is transversely cut and 0-dimensional and since 

mz%, a {v,s^)=$, 

it is a discrete subset of M a] h iA (V). 

If M-a;b,w,A(V, S, v) C M. a ;b;A(V) would not be compact, this set would 
have a limit point in 

dMa;bAV) 

which can be identified with a non-trivial holomorphic building. Since the 
dimension formula is additive, all layers must be rigid with the boundary- 
point constraints. However, a rigid solution must be a trivial strip over a 
Reeb chord, which leads to a contradiction. □ 
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9. The moduli space of pseudo-holomorphic disks with point 
constraints on parallel copies 

As was mentioned in the previous section, obtaining a smooth structure 
on the moduli spaces M a -b,vr,A{V, S, v) when the expected dimension is > 
is a delicate task in general. We will avoid these difficulties by instead 
constructing spaces consisting of disks with boundary-point constraints on 
parallel copies of S. These space should be thought of as perturbations of 
the spaces M. a ;b,w,A(V, S, v). 

More precisely, for 5 > and a tuple 

k = (fci, . . . , k Wl+ ... +Wm+1 ) G (Z> Q ) W1+ - +Wm+1 
with increasing indices, we will construct the space 

consisting of pseudo-holomorphic disks with boundary on V and boundary- 
point constraints on parallel copies of S determined by v, 5 and k. Indeed, 
when the expected dimension is zero, we will show that 

AW;a(V, S, v) ~ M 6 a % >Yr . A (V, S, v) 

for all 5 > small enough. 

As in Section El we let V C M x Y be a (n + l)-dimensional exact La- 
grangian cobordism, S C V a (k + l)-dimensional submanifold satisfying 
k + 1 < n which is cylindrical at the ends, and v a non- vanishing normal 
vector-field to S in V which is M-invariant outside of a compact neighbor- 
hood. Furthermore, we assume that the Reeb chords on the Legendrian ends 
of V are disjoint from S outside of a compact set. 

Let 

d = di + . . . + d m+ i, 
w = (toi, . . .,w m+1 ) = (di, . . . ,4+i)j 
1 = ((0, . . . , 0), . . . , (0, . . . , 0)) G Z dl x . . . x . 

and consider the configuration spaces 

K 2 al„.,A(V,S;J) :=n 2 a f MiA (V,S;J) 

as defined in section 18.11 
Recall that 

KI W ;1-,a(V^;J) C W^((D,dD),(R x Y,V)) x C m+l x (dD)f x (U s ) d , 
and that there hence is a natural projection 

which, moreover, is submersive. 

The non-vanishing normal vector-field v to S induces an identification of 
a neighborhood of S inside V with a vector bundle 
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under which S corresponds to the zero-section and the v-direction corre- 
sponds to the 1-summand. Consider the image of the section 

S Sfi := (O0<5i)(S) C iV'eR, 

which corresponds to a "parallel copy" of S. We may furthermore assume 
that the images of the 5^ are cylindrical outside of a compact set. We define 

Zs,\l,v '■= Ss,k! x Ss,k-2 x • • • x S8,kdi 

which we identify with a submanifold Zs^. v C (Us) d using the above iden- 
tification. 

Recall that there is a section 

9: K'l^s ; j) >^:;i. w:(1: ,. 

We now define 

^3U;a(^ v ) : = (9,ev°r\{0} x Z SXv ). 
By construction, there is an embedding 

M S & tW;A (V,S,v) C M aMA (V) x (dD)f. 

By an argument similar to that in Section T8.81 it follows that this spaces has 
expected dimension 

^M S £ iW . A (V,S,v) = dimM a;h , w . A (V,S,v). 

For convenience, when k = (0, 1, . . . , d — 1), we will use the notation 

M 5 a . h>w , A (V, S, v) := M B £ iW . A (V, S, v). 

9.1. Transversality of the <9-operator and compactness. The follow- 
ing results follow in a manner similar to Proposition 18.41 and Proposition 
EH 

Proposition 9.1. There is a Baire subset of cylindrical almost complex 
structures on R x Y for which 

^l w , A (V,S,v) 

is transversely cut-out. Moreover, J may be arbitrarily chosen outside of a 
neighborhood o/R x a. 

Proposition 9.2. Assume that J is regular and that 

It follows that the natural map 

M^.JV^S^) ^ M a . MA (V,S,v) 

is injective, and that its image is finite. 

Furthermore, for any other choice of tuple k', there is a cobordism from 

Klw;A(^,v) t0M S £ )W . A (V,S,v). 
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Proof. The result follows from a standard transversality argument using 
Sard's theorem on a smooth finite-dimensional space. □ 

9.2. A bijection between Ai and Al 5 ' k in the rigid case. 

Proposition 9.3. Suppose that M a ;h,v/;A{V^ S, v) is transversely cut-out 
and satisfies 

dimM a ;b,w;A(V,S,v) = 

for an almost complex structure J satisfying the properties in Section \8.4\ 
in a neighborhood of S. For any given bound on the indices of k, for all 
small enough 5 > 0, the space -A^f'b w-a(^' v ) ^ s transversely cut-out, and 
satisfies 

M S ^ w . A (V,S,-v) ~ M a;h , w . A (V,S,v). 

Proposition 9.4. Let 7 = 1 x L, S = R x T, and let v be an ^.-invariant 
vector field. Suppose that -M a; b, W ;A(R xL,lxS,v) is transversely cut-out 
and satisfies 

dim7W a; b,w;A(IR x L, M x S, v) = 1 

for an almost complex structure J satisfying the properties in Section \8.4\ in 
a neighborhood of S. For any given bound on the indices of k, for all small 
enough 5 > 0, the space -M^^ A (M xI,RxS,v) is transversely cut-out, 
and satisfies 

•Malw;^ X L, M X T, V)/R ~ 7Wa;b,w;A(K x L, M x T, v)/R. 

We begin by proving some lemmas. 

Lemma 9.5. Let f v (z),v 6l" be a smooth family of holomorphic functions 
in some neighborhood of satisfying 

n—l oo 

/v(«) = + X^( V ^' 

i=0 i=n 

sitc/i that fo(z) = z n h(z), where h(Q) ^ 0. Then, there are neighborhoods 
G C/ C R n and 0£7cC suc/i i/iai t/ie elementary symmetric polynomials 
in n variables evaluated on the n zeros of f v (z) inside V form a smooth 
coordinate system on U . In particular, every f v for v G U is uniquely 
determined by the position of its n zeros inside V . 

Proof. We write 

f v (z) =p v (z)+z n+1 h v (z) 1 

where p v (z) = YmZq v i zl ls a polynomial of degree < n depending smoothly 
on v, h v (z) is holomorphic in z and depends smoothly on v, and where 
ho(z) = h(z). We can hence take e, 5 > such that 

• h v (z) for \z\ < e and ||v|| < S. 

• fv{ z ) 7^ f° r \ z \ = 6 an d ||v|| < 5. 
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Let ej(v), i = 0, ...,n denote the degree- i symmetric polynomial in n 
variables evaluated on the n zeros zi(v), . . . , z n (v) of f v inside D(0, e), where 
we set eo := 1. The functions ej(v) depend smoothly on v when ||v|| < 5. 
This can be seen by induction by first considering the integrals 



z *!M dz = ST Zi{y) \ j = l,..., n , 

8D(0,e) J V {Z) 



which obviously depend smoothly on v, and then by using Newton's identi- 
ties 

k 

fce^(xi, . . . , x n ) = 'y ^ (— 1)^ ^e^—^xi, . . . , x n )pi(x\, . . . , x n ). 

i=l 

Furthermore, this equality shows that 

\k-l 

-Pk 







dv 







-1) 



v=0 dv 3 k 



v=0 



since every factor except eo in the terms in Newton's identities vanish for 
v = 0. 

Since h v (z) has no zero inside D(0, e) for ||v|| < 5, and since f v (z) is 
nonzero on dD(0, e), for j, k = 1, . . . , n we can calculate 



d_ 

dv 



-Pk 



d 1 



Idi 



v=0 dvj 2iri J dD ( ,e) U(z) 
d 1 



v=0 



dvj 2m J dDi0 



Idi 



^ k p' v (z) + (n + l)z n h v {z) + z n+l h' v (z) dz 

Py(z) + Z n + l K{ Z ) 



v=0 



- -/ 

2-ki J d 

--/ 

27TZ y 9 



^V- 1 + (n + l)z n d Vj K(z)(0) + ^^XWio) 



dD(o,e) z n+1 h (z) 

k ((n + l)z n ho(z) + z n+1 /i (z))(^' + ^+%/i v (z)(0)) 



9£>(0,e) 



(^+ 1 / i0 (^)) 2 



1 



2vri y 9 z?(o, e ) ^ n+1 /io(^) 
J_ /■ (^ +fc+n )((n + l)/i (z) + z/i (z)) 

2™JdD{0,e) {Z^hoiz)) 2 

and after computing the last integral, we arrive at 
d 



dz, 



dv 



■Pk 



' W^ ' j + k = n + l, 

_W j + k-n 

7^oJ' j -\- K — n 

0, otherwise. 
The lemma now follows by the implicit function theorem. 



v=0 



□ 
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Lemma 9.6. Assume that the almost complex structure is regular. Consider 
a sequence S n — > 0. Every sequence of rigid solutions 

9n G M 5 ^. A (V,S,V) C M a ; h . A (V) X (dD)f 

has a subsequence which converges to a limit (g, (pi)) where 

9 6 -Ma;b,w;A(^,S,v) C M a - h]A {V). 

Proof. By the compactness theorem in [BEH + ] . there is a convergent sub- 
sequence inside M a ;b;A(V) x {dD)f. 

For such a sequence, the boundary points which map to S$ n f. converge 
to boundary points mapping to S as S n — > 0, and if j such boundary points 
collide in the limit, this produces a tangency of order j to exp 5 (Mv) of the 
disk in the limit. Moreover, the tangent of the boundary at that point has 
a non-negative component in the v-direction in the case when j > 0. 

Since there are no rigid broken configurations for regular almost complex 
structures, the statement follows. □ 

Lemma 9.7. Suppose that -A/f a; b, W ; A (V, <S, v) satisfies the assumptions of 
Proposition \9.1l Consider 

(<7,(0j)) G M a ; hiV ,; A (V,S,v) C M a . b . A (V) x (dD)f, 

where g is tangent of order l l - to exp s (Mv) at 9 l - , such that the tangent of the 

boundary at 9j has a positive component in the v-direction when l l j > 0. For 

sufficiently small neighborhoods U of g G Ma;b; A (V) & n d Uj of G dD, for 
each 5 > small enough, there is a unique solution 

ftye< w; i(^,v)c% A (7) X (dD)f, 

satisfying h G U , and which has the property that there are exactly lj + 1 
number of points in {tpi} D Uj. 

Proof. Suppose that (g, (61*.)) G M a; bw\;A(V, S, v), where 1 = (Zj) G Z d ' and 
wi + . . . + w m+1 = d. 

By Proposition 18.31 there is an embedding 

M a;b;A (v) Us ^gl^. l . A (v,s-,j), 

where 

M a;h . A (V) Us C M a]h , A (V) x (dD)f 
is an open submanifold containing J^i a \3 w- A 

(V,S,v). The regularity of J 

now implies that the map 

ev l : M a . h ., A (V)u s ^ G 2 al w .,i- A (V,S;J) -> J 1 , 
induced by restriction is transverse to the varieties 

Z Wl *Zitj G J . 

Fix a point (g, (0j)) G A / l a; b,w;A(^j S, v) as above, which we identify with 
a point (g, (0J.)) G ^ a;b; A(^) X (5I))f . 
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We want to construct suitable coordinates around g S M. a ;b;A{V). For 
convenience we relabel the indices as follows. Let 6i be the i:th boundary 
point among the d! points {#*•} C dD relative the order induced by the 
orientation of dD \ {po}- Moreover, we let Si := g(9i) G S and k be the 
order of tangency of g to exp5(IRv) at 6>j, where, by assumption, the tangent 
of the boundary at 9i has a positive component in the v-direction when 
k > 0. 

Since we assume that J satisfies the properties in Section 18.41 we can 
choose holomorphic coordinates around Si € S identifying Si with the origin 
in 

C fc+1 x C x C n - k -\ 

such that, moreover, 

• The real-part is identified with V. 

• The subset IR fc+1 x {0} of the real-part is identified with S. 

• The vector field v is identified with the coordinate vector field of the 
(k + 2):th M-factor of the real-part. 

We choose holomorphic coordinates on dD which identifies a neighbor- 
hood of 9i 6 D with a neighborhood in the upper half-plane 

{(x,y); y>0}cC, 

and which identifies 9i with 0. 

For i satisfying Zj > 0, Proposition 18.41 implies that we can choose the 
coordinate x around 0i so that the component of g{x) projected to the 
M x factor, i.e. the component of g which is normal to S, is given 

by 

(x , x li+1 hi(x)) 

where hj(x) is a real-analytic vector- valued function. Also, it follows by 
Proposition 18.41 that hj(0) 7^ 0, since otherwise this solution would corre- 
spond to a solution having negative formal dimension. We may thus assume 
that the coordinates around chosen above have the property that all com- 
ponents of the vector hj(0) are non-zero. 

The above coordinates induce locally defined projection maps on the form 

TJ l c xf =1 TJ h (dD,U s ) -»• xf =1 TJ l '(dD,Rx M"^ 1 ). 

Furthermore, we have the identification 

TJ h (dD,Rx R 11 -*- 1 ) ~ {TJ k (dD, M"^ 1 ) ® R © R 1 *) x R, 

where the R and l''-summand correspond to the variations of the constant 
and non-constant part of the germ in the v-direction, respectively. This, in 
turn, induces a projection 

xf =1 TJ h (dD,Rx M™^ 1 ) xf =1 (TJ h (dD,R n ~ k - 1 ) ®r) . 
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The transversality of ev 1 to Z\ v at (g, {9\, . . . , Od')) implies that ^( ffi (e lr ..,( 
composed with the projection onto ©f =1 ^TJ li (dD,W n ~ k ~ 1 ) © Rj is an iso- 
morphism. 

It follows that there is a section s 

M a , h . A (V)ZZlM a , h . A (V) x (dD)f 

defined in a neighborhood of g and satisfying s(g) = (g, (0%, . . . ,6i)) such 
that the composition of ev 1 o s with the projection 

xf' =1 J^(dD,R k+1 x E x M n - fc - 1 ) -> xf =1 A\ 

is a local diffeomorphism, where 

At ._ iR {n ~ k ' 1)(h+1) = J u (dD,R n - k - 1 ), h > 0, 

"~ [R x R n - k - 2 x {0} Clx R n - k - 1 = J l >(dD,R x M"'^" 1 ), = 0. 

In conclusion, using the above coordinates, we have found a smooth 
parametrization 

V>: xtiR (n ~ fe ~ 1)a<+1) ~ xfl 1 J^(ai),]R n - fc - 1 ) ^7W a;b;A (F), 

of a neighborhood of g G -MafoAiV) such that g corresponds to the origin 
We now study the coordinates ]R( n ~ fc_1 )(^+ 1 ) corresponding to i, such that 
li > 0, more carefully. We fix such an i. In the analytic coordinates around 
Si G C/5, and the analytic coordinates around 8i(soip) G 3D chosen as above, 
there are coordinates 

(vi, . . • , v d ) G xf =1 A* ~ xfUR^-^+V, v, = (vi,!, . . . , v Mi ), 

in which the pseudo-holomorphic map ip(vi, . . . , v^/) has component normal 
to S C V given by 

(hi^{x), v i>0 + v^ix + . . . + Vi^x' 1 + x h+l h.i^(x)^ . 

Here, hj^,(a;) is a real vector- valued analytic function depending smoothly 
on the coordinates and satisfying hj^( )( x ) = an d hi^(x) is a real- 

analytic function depending smoothly on the coordinates and satisfying 
hi,i>(o)( x ) = x - After the coordinate-change in the domain x = hi^{x) 
depending on ip, the map is expressed as 

x, v ii0 + v iA x + . . . + v ith x h + x l ' +1 hi^(x^j , 

where again hj^(x) is a vector- valued analytic function satisfying hio(x) = 
hj(x), and where the coordinates v can be expressed in terms of v. 

By Lemma [9. 51 together with the above choice of coordinates correspond- 
ing to 0i for which ij = 0, we conclude that there is a neighborhood U of 
g G M a ;b;A(V) and neighborhoods Ui of the 9{ G 3D such that for any 
sequence 

0<5 1 1 <...<^ 1+ i<---<<<---<<, + i, 
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where 5f /+1 is small enough, there is a unique / G £7 and a unique sequence 

¥>!<...< < ■ • ■ < <Pi < ■ ■ ■ < <pf d ,+i 

for which ip^ G £Zj, and the value of f(fj) in the component M x M n_fc_1 
normal to 5 is (<5*-,0). Setting the i:th number in to Ski, where the 

former is endowed with the lexicographic order, we conclude that there is a 
unique solution from 

^a';b,w;A(^,v) 

satisfying the required properties. □ 

Proof of Proposition [973\ and pL^l We prove Proposition 19.31 an d note that 
the M-invariant version, i.e. Proposition 19.41 follows in a similar way. 
It follows by Proposition 19.21 that one can identify a rigid solution 

(h,(<fi)) e M^l w;A (V,S,v) c M a ., h . A (V) x (dD)f 

with h G M a \h\A{V)- Using Lemma 19.71 we can therefore find disjoint 
neighborhoods of each point in 

M a ., hyW . A (V,S,v) cM a;h . A (V), 

each which contains exactly one point from 

<b,w#-S-v)cK;b#) 

for any 5 > small enough. 

Assume that for every 5 > there are solutions in W . A (V, S, v) 

not contained the above neighborhoods. Again, using Lemma 19.61 one can 
produce a sequence of solutions for 5 n — > which converges to a solution in 
■M-a;h,w;A(V, S, v) C M.a t b;A(V) outside of these neighborhoods, which leads 
to a contradiction. 

To prove that (h,tpi) G W . A {V, S, v) is transversely cut out, where 

h{(fi) G Siki for 1 < i < d, we consider the restriction 

ev°: M a , h;A (V) x (dD)f C K'l^V, S; J) -+ (U s ) d 

of the evaluation map ev°. 

By the previous arguments, after choosing 5 > small enough, we may 
assume that h is contained in an arbitrary small neighborhood of a solution 
g G A^ a; b, W ;A(^ S, v), where we assume that g(9i) G S for 1 < i < d' , and 
that g is tangent of order li to exp 5 (lRv) at 0j. 

Similarly to the construction in the proof of Lemma 19.71 we can define 
coordinates 

x( =1 J h (dD,R x R n ~ fe-1 ) ~ xfl 1 ]R il+1 x R("- fc - 1 )ft+ 1 ) 

on this neighborhood of (g,(9i)) G M a] b- )A (V) x (dD)f in which (g,{9i)) 
corresponds to the origin. 

Observe that for i satisfying li = 0, it follows by Lemma 19.71 that any 
neighborhood of 6i contains a unique point cpj G {(p{\ for 6 > small enough. 
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We may suppose that the map ev projected to the normal direction of S 
of the j:th [/^-component coincides with an R x M™ 1- fe-1 -component of the 
above coordinates around (g, (9%)) G -M a; b ; A(^) x {dD)f . Hence, to show the 
transversality of ev°, it now suffices to consider the remaining components 
of ev°. 

The proof of Lemma 19.71 shows that we may assume that for i satisfying 
li > 0, there are choices of analytic coordinates centered at 9{ £ dD and 
g(9i) in which the components of g normal to S are on the form 

(x, v + vix + . . . + v h x k + 0(x k+1 )^j , 

where {vi . . . , v/ t } are a subset of the above coordinates around (g, 6 
M a;b;A (V) x (dD)f. The transversality of ev° now follows from the fact 
that the evaluation map at li + 1 distinct points 

(xi, . . .,z Ji+ i,v ,vi, . . .,v k ) i y (P(xi, v),. . . v)) 

is a submersion for 

P(x, v) = (x, v + vix + . . . + v^x 1 *) , 

and since, by Lemma 19.71 there are exactly li + 1 of the distinct points 
{<Pj} contained in an arbitrary small neighborhood of 9i for small enough 
5 > 0. □ 

10. Examples 

In the following, we assume that the Maslov class vanishes on the involved 
Legendrian submanifolds 

10.1. O-surgeries. We recall the discussions in Section [3] which imply that, 
for thin enough handle attachments, a Legendrian ambient surgery just de- 
pends on the homotopy class of the Legendrian ambient surgery data. In 
particular, if L is connected, we may suppose that the attaching 0-sphere 
S C L is located in an arbitrarily small subset of L. Since J-holomorphic 
disks which are rigid with exactly one point-constraint on S come in pairs 
for 0-spheres S contained in a small enough neighborhood, it follows that 
the coefficient of a word containing exactly one letter s vanishes for all 
boundaries ds,N(,c) i n the DGA (A(L, S), 8s,n)- 

Since any augmentation of (A(L),d) pulls back to an augmentation of 
(A(L, S),8s,n)i and since 

(A(L s ),d)^(A(L,S),ds, N ) 

by Theorem [T31 we can compute the linearized contact homology of L$ with 
respect to the pullback of an augmentation e, which yields 

HLC(L S ; e) ~ HLC(A(L, S); e) = HLC(L; e) Z 2 s, 

where we have used the fact that \s\ = n — k — 1 = n — 1^0. We refer to 
[CheJ for the definition of linearized contact homology, and its relation with 
augmentations. 
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Furthermore, in the case when all Reeb chords c on L have grading 
< |c| < 2n — 1, it follows by degree reasons that the coefficient of a 
word containing at least two letters s vanish for all boundaries 8g n( c ) i n 
(A(L, S),8n,s)- Together with the above observation, this leads to the con- 
clusion 

HC(Ls) ~ HC(L) * (s), 

in this case. 

The last requirement is for example satisfied by the standard Legendrian 
sphere L s td C J 1 (M n ), which has a representation satisfying 

|c| = n 

for its only Reeb chord c. L std can be obtained as the Legendrian lift of the 
Whitney sphere, which is the exact Lagrangian immersion an n-sphere in C n 
with one double point defined by the restriction of the map 

I"xl9 (x, y) ^ (1 + iy)x G <C n 

to the unit sphere S n C W 1 x R. 

10.2. An (n— 2)-surgery on the standard sphere. Consider the isotropic 
(n — l)-disk in C n having boundary on the Whitney-sphere, which is given 
by the map 

R™" 1 3x'4(x',0) 

restricted to the unit disk D 11 ^ 1 C M n . After a small perturbation, the 
disk does not pass through the double-point at the origin. We now consider 
the respective Legendrian lifts to J 1 (R n ) of the Whitney sphere and the 
isotropic disk, such that the lift of the isotropic disk has boundary on the 
standard Legendrian sphere L st d. 

One can perform a Legendrian ambient surgery along the boundary S 
of the isotropic disk, yielding L^s — S n ~ l x S 1 . It can be checked by an 
explicit calculation in the standard complex structure that ds,N{c) = holds 
in (A(L at( i, S), 8s,n)- To that end, observe that in the standard complex 
structure on C n there is exactly one family of embedded disks with boundary 
on the Whitney sphere and a positive puncture at the double point, whose 
boundaries moreover induce a foliation of the Whitney sphere by embedded 
arcs. 

By Theorem 11.41 it now follows that 

HC(L stdiS ) ~ HC(L std ) * (s) ~ (c,s), 
where |c| = n and |s| = 1. 
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